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Abstract— Comparison of the rain rate estimated with the 

assumptions of Rayleighand Mie scattering is made. We analyzed 

the different relationships between the radar reflective factor and 

rain rate (so-called Z-R relationship) with both scattering models 

for different DSD (droplet size distribution) and rainfall types as 

the wavelength is 2.2cm which is in accord with the band of 

TRMM/PR. Meanwhile we introduced a discrete ordinates 

method to retrieve the Z-R relationship for Mie scattering 

assumption. It is found that the retrieval result can be 

represented as the sum of some simple Z-R relationships. By the 

analysis of the Z-R relationships estimated from Rayleigh and 

Mie scattering assumptions in the rain types, we found that the 

difference of Z-R relationships between Rayleigh and Mie 

scattering in the thunderstorm that represents the larger 

raindrop size is larger than that in the drizzle that represent the 

smaller raindrop size. 
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I. INTRODUCTION 

Rainfall rate estimation of the Tropical Rainfall Measuring 
Mission: TRMM carries Precipitation Radar: PR is based on 
Z-R Relation (Z denotes radar reflectance factor, while R 
denotes rainfall rate)[1]. In order to estimate Z factor, 
attenuation due to rainfall and scattering due to raindrops is 
taken into account. Scattering due to raindrops depends on 
droplet size distribution under Rayleigh or Mie scattering 
assumptions. If the droplet size is greater than λ/8 (λdenotes 
wavelength), then Mie scattering assumption is appropriate 
while that is less thanλ/8, then Rayleigh scattering is assumed. 
Usually, Rayleigh scattering is assumed for rainfall rate 
estimation of TRMM/PR empirically [2], [3], [4].  

It is reported that Mie scattering based Z factor estimation 
is better than that of Rayleigh scattering based estimation 
[5],[6]. Although these reports deal with influence due to 
different assumptions, Rayleigh and Mie scattering on Z factor 
estimation, there is no report which discuss the influence on 
rainfall rate estimation. The reason for this is difficulty on 
definition of Z-R Relation which is taken into account rainfall 
types [10], atmospheric conditions, topological effect, etc. 
There is a paper related to radar meteorology which deals with 
Z-R Relation based on empirical exponential law of 69 of 
different rainfall types, weather conditions, written by Battan 

[7]. Also difficulty is caused by complicated computations of 
backscattered reflection factor based on Mie scattering 
assumption. 

In this paper, rainfall rate estimation method based on Mie 
scattering is proposed together with some experimental 
background data for validation of the proposed method. Firstly, 
Z-R Relation based on Rayleigh and Mie scattering 
assumptions for three rainfall types, stratiform, drizzling, and 
thunder storm theoretically. Then both influences of the 
different scattering assumptions on Z-R Relation and rainfall 
rate estimations. There is mm order of droplet size according 
to Marshall and Palmer [9]. Wavelength of TRMM/PR is 
22mm [8] so that Rayleigh limitation is situated at 2.75 mm. 
Therefore, it is better to adopt Mie scattering assumption for 
rainfall rate estimation for such large droplet size of rainfall. 

The following section describes theoretical background of 
rainfall estimation followed by experimental data for 
validation of the proposed method. Then conclusion is 
described together with some discussions. 

II. THEORETICAL BACKGROUND 

A. Estimation of Rayleigh and Mie Scattering Based  Z-R 

Relations 

Averaged received reflectance can be represented as 

equation (1),  
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where K denotes abruption coefficient of water and ice crystal 

while D denotes droplet radius, N(D) denotes size distribution 

and σdenotes backscattering cross section. Radar reflection 

factor, Z, then is represented in equation (2), 
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On the other hand, Mie scattering based Z factor is expressed 

as equation (3), 
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Then rainfall rate can be written in equation (4), 
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Where )(D denotes droplet falling speed which is used to 

be represented as a function of droplet size. In this paper, 

exponential representation 
rcDD )( is used as usual. 

This is validated by Atlas and Ulbrich for the case, c=3.778 
and γ=0.67 [11]. Gunn and Kitnzer proves that this equation 
show a good coincidence with the calculation results of 
rainfall rate for the raindrop radius ranged from 0.5 to 5.0 mm 
[12]. N(D) denotes droplet size distribution and is represented 
as equation (5)  of gamma distribution proposed by Ulbrich 
[13], 

)exp()( 0 DDNDN     (5) 

Where N0 denotes N axis cross section of droplet size 
distribution while D* denotes the factorial of power law of 
raindroplet size distribution. Meanwhile, μ denotes slope 
droplet size distribution in logarithmic-logarithmic expression. 

Whenμ=0, then D
μ
=1. On the other hand,   defines 

exponential function based droplet size distribution,  
R . Thus Z factor can be represented as equation (6) 

and (7) using equations (2), (4) and (5) based on integral 
conversion of Gamma function [14]. 
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where )(x   denotes Gamma function.  can be obtained 

from the equation (7) the Z-R Relation can be reduced as 

follows,   
baRZ        (8) 

Droplet size distribution is not so easy to estimated results 
in difficulty on determination of a, b coefficients. In general, 
droplet size distribution can be estimated with several actual 
observed data of Z factors based on iteration and /or 
regression [15], [16]. 

On the other hand, Mie scattering based Z-R Relation 

cannot be estimated with backscattering coefficients Mie  

and droplet size distribution derived Gamma function of 
integral conversion.  

Therefore,  Mie  has to be expanded with Legendre 

function expansion as shown in equation (9), 

)(...)()()()( 221100 DPrDPrDPrDPrD nnMie   (9) 
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[17]. Mie  for droplet size of D can be estimated based on 

Mie scattering theory [16]. The coefficients of Mie of the 

equation (9) },...,,,{ 210 nrrrr can then be obtained through 

least square method with Mie  for each droplet size estimated 

based on Mie scattering theory. 

Meanwhile, there is the following relation between Legendre 

function },...,,,{ 210 nPPPP and droplet size as follows, 
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Thus the equation (3) can be rewritten results in equation (11) 

of Z factor, 
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B. Evaluation of Rainfall Rate Estimation based on Rayleigh 

and Mie Scattering Assumptions  

F. Yoshino [7], Christian Matzler [6], and the others 
estimate parameters of droplet size distributions, stratiform 
(Marshall and Palmer), drizzling (Joss-Drizzle), thunderstorm 
(Joss-Thunderstorm) and realistic rainfall (Laws-Persons) by 
using Normalized distribution (Marshall-Palmer: MP, Joss-
Drizzle: JD, Joss-Thunderstorm: JT and LP distributions).  
Typical parameters of these different types of rainfall are 
shown in Table 1. Droplet size distribution, on the other hand, 
is shown in Figure 1. 

TABLE I.  PARAMETERS FOR LP, MP, JD, JT DISTRIBUTIONS 

 

 

Fig.1. Droplet size distribution of four typical rainfall models 

The parameters shown in Table 1 are estimated based on 
Rayleigh scattering assumption. Thunderstorm is 
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characterized as relatively large “a” and comparatively small 
“b” while stratiform is characterized as relatively small “a” 
and comparatively large “b”. These estimated results are 
coincident to Z-R Relation which is estimated by 
RemkoUijlenhoet et al. [14].  

Next Mie scattering based Z-R Relation is estimated. In 
general, the number of droplets is decreasing in accordance 
with decreasing of droplet size [10]. From Figure 2, it is set 
that droplet size ranges from 1 to 6.4 mm while air 
temperature is assumed to be 20 degree centigrade under the 
standard atmospheric pressure. 

 

Fig.2. Mie scattering based backscattering coefficient and its 

approximated coefficient 

Wavelength is assumed to be 22 mm as of TRMM/PR 
wavelength. According to F. Yoshino, droplet refractive index 
is assumed to be 8.02 – i 2.00 through linear interpolation [10]. 
Backscattering coefficient is calculated with Mie2New which 
is included in MODTRAN (Radiative transfer software code) 
[19]. The 6 coefficients in the equation (9) are estimated 
through least square method by using 5 Legendre functions 
with Mie scattering code. The estimated coefficients are 
shown in equation (12). 

 }6950.0,4678.3,6681.3,0386.2,6439.3,1927.3{},...,, 5210 aaaa

      (12) 
Size parameter which is shown in Figure 2 is expressed as 

πD in unit of cm. Both Mie scattering based backscattering 
coefficient and its approximation shows coincidence for the 
range from 3 to 20 mm of size parameter. The corresponding 
droplet size ranges from 1 to 6.4 mm. 

Thus Mie scattering based Z-R Relation can be estimated. 

These are shown in equations (13), (14) and (15)  

 (13) 

 (14) 

 (15) 

Figure 3 shows Z factors for three different rainfall types, 
drizzling, stratiform and thunderstorm under the assumptions 
of Rayleigh and Mie scatterings. 

 
(a)Drizzling 

 
(b)Stratiform 

 
(c)Thunderstorm 

Fig.3.  Rayleigh and Mie scattering based Z-R Relations 

For relatively small rainfall rate, both Rayleigh and Mie 
scattering based Z-R Relations are coincident. Meanwhile, the 
difference between both is getting large in accordance with 
rainfall rate is increased. Also it is found that the difference 
between both is getting large in accordance with increasing of 
droplet size. 
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III. EXPERIEMNTS 

A. Method for Experiment 

TRMM/PR data of 2A25 product (Z value at ground 
surface after the rainfall attenuation correction) is used. Also 
ground based rain radar data (2.8GHz of radar frequency) is 
used for validation. The radar site is situated at Houston, 
Texas and Kwajalein Atoll.TRMM/PR data of Houston is 
acquired on October 24 2005 while that of Kwajalein Atoll is 
acquired on September 15 and 20 2008. These acquisition 
location and dates are selected from the TRMM/PR GV data 
for validation of TRMM/PR show heavy rainfall with much 
greater than 40 mm/hr in the year of 2008. 

The radar data is a portion of GV data for validation of 
TRMM/PR. Rainfall rate obtained from the GV data are 
mapped onto longitude / latitude coordinate mesh. Therefore, 
it is easy to find the location through pattern matching 
between rainfall rate pattern derived from TRMM/PR and the 
GV data. Rainfall pattern of Houston derived from TRMM/PR 
data is compared to ground based radar data of Houston. 

Meanwhile, the GV data of Kwajalein Atoll is used for 
comparison of Rayleigh and Mie scattering based rainfall rate. 
Rainfall rate of Kwajalein Atoll acquired on September 15 is 
heavier than September 20. TRMM/PR data at range bin 
number of 60 for the TRMM/PR data acquired on September 
15 shows rainfall while that for September 20 does not show 
such rainfall. Equation (15) of Z-R Relation which is 
represented as Mie scattering based rainfall rate estimation is 
used.  

B. Experimental Results 

Figure 4 (a) shows TRMM/PR derived rainfall rate for 
hurricane Wilma while (b) shows ground based radar data 
derived rainfall rate acquired at around same time on 24 
October 2005. Figure 4 (a) shows narrow swath of TRMM/PR 
data derived rainfall rate on the imagery data which is derived 
from VIRS (Visible to Infrared Radiometer which is onboard 
the same satellite of TRMM). Both rainfall rates show a good 
coincidence. 

Figure 5 (a) and (b) shows vertical profiles of the 
estimated rainfall rate derived from TRMM/PR data of 
Kwajalein Atoll acquired on 15 September (a) and on 20 
September (b), respectively. Figure 5 also shows comparison 
of the estimated rainfall rate between Rayleigh and Mie 
scattering assumption for relatively heavy rainfall (September 
15) and comparatively light rainfall (September 20), 
respectively. Rrayleigh and Rmie denote the estimated rainfall 
rate under the Rayleigh scattering assumption and that under 
the Mie scattering assumption. On the other hand, Delta R 
denotes the difference between both estimated rainfall rates. 
Delta R near the surface is greater than that in the high altitude. 
Also Delta R for heavy rain is greater than that for light rain. 

Figure 6 (a) shows the relation between Rrayligh, Rmie as 
well as Delta R and true rainfall rate derived from ground 
based radar data as GV data for relatively heavy rainfall while 
those for comparatively light rainfall is shown in Figure 6 (b). 
Figure 6 also shows linear approximation of relation between 
both. 

 
(a)TRMM/PR 

 
(b)Ground based radar 

Fig.4. Comparison of estimated rainfall rate between TRMM/PR and 

ground based radar 
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(a)15 September 

 
(b)20 September 

Fig.5. Estimated rainfall rate derived from TRMM/PR of Kwajalein Atoll 

acquired on 15 and 20 September 2008. Comparison of the estimated rainfall 

rate based on Rayleigh and Mie scattering assumptions. 

 
(a)15 September 

 
 

(b)20 September 

Fig.6. Relation between Rrayligh, Rmie as well as Delta R and true 

rainfall rate derived from ground based radar data as GV data for relatively 
heavy rainfall while those for comparatively light rainfall 

IV. CONCLUSION 

Comparison of the rain rate estimated with the 
assumptions of Rayleighand Mie scattering is made. We 
analyzed the different relationships between the radar 
reflective factor and rain rate (so-called Z-R relationship) with 
both scattering models for different DSD (droplet size 
distribution) and rainfall types as the wavelength is 2.2cm 
which is in accord with the band of TRMM/PR. Meanwhile 
we introduced a discrete ordinates method to retrieve the Z-R 
relationship for Mie scattering assumption. It is found that the 
retrieval result can be represented as the sum of some simple 
Z-R relationships. By the analysis of the Z-R relationships 
estimated from Rayleigh and Mie scattering assumptions in 
the rain types, we found that the difference of Z-R 
relationships between Rayleigh and Mie scattering in the 
thunderstorm that represents the larger raindrop size is larger 
than that in the drizzle that represent the smaller raindrop size. 
The followings are concluded, 

1) Estimation of Z-R Relation based on Mie scattering 

theory by using Legendre function of approximation has been 

conducted. 

2) Z-R Relation based on Rayleigh scattering theory can 

be represented with exponential function while Z-R Relation 

based on Mie scattering theory can be represented with 

summation of exponential functions. 

3) Z-R Relations based on both Rayleigh and Mie 

scattering theories are coincident when raindrop size is 

relatively large while these are not coincident when raindrop 

size is small through analysis with four types of size 

distributions of stratiform rain, drizzling and thunder storm as 

well as actual rain. 

4) In particular, the difference of Z-R Relation between 

thunder storm and stratiform is greatest followed by between 

drizzling. 
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5) Rainfall rate estimation based on Mie scattering theory 

is much closer to ground based rain radar derived rainfall 

rate rather than that based on Rayleigh scattering theory for 

the hurricane “Wilmer” which hit Florida peninsula on 24 

October 2005 observed with TRMM/PR of which raindrop size 

is relatively large at the boundary layer.The reason for this 

would be the fact that backward scattering is relatively small 

and forward scattering is comparatively large for Mie 

scattering while backward and forward scattering are almost 

same for Rayleigh scattering. 
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