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Abstract—This paper presents a Mixed-Integer Programming 

Model for the urban freight transport planning problem through 

the estimation of the Origin-Destination Matrix. The Origin-

Destination Matrix is used to know the pattern of travel or 

vehicle flow between different zones of a city and is estimated 

from the counting of vehicles on the routes of a road network. 

For the estimation of the Origin-Destination Matrix, the Entropy 

Maximization approach is applied. This approach is based on a 

non-linear optimization model. In order to overcome this 

difficulty, an optimization model based on the Piecewise Linear 

Approximation Method is proposed. To test the proposed model, 

an instance was built based on a road network of a real case. The 

proposed model obtained good results in a reduced 

computational time, demonstrating its usefulness for the urban 

freight transport planning. 
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I. INTRODUCTION 

The problem of urban freight transport (freight transit or 
goods orders), is one of the most complex and challenging 
problems facing the public sector, since it is responsible for 
financing new road infrastructure or improvements in these. 
The flow of cargo vehicles normally has a much more 
complicated distribution than the flow of private vehicles or 
public transport, this because cargo vehicles make multiple 
stops in different parts of the city and have different routes for 
the delivery of goods to consumers, besides considering 
aspects related to the supply chain of the different companies 
[1] [2] [3]. The study of this problem should be aimed at 
satisfying the needs and expectations of companies and 
consumers by suppliers, who are responsible for the delivery of 
goods [4]. In [5] Point out that one of the key factors of a city's 
economy is consumer behavior. The consumer is responsible 
for the demand and the generation of freight transport. In this 
way, the need arises to optimize urban freight transport, which 
guarantees a fast and reliable delivery of goods at the lowest 
shipping cost; that contemplates changes in demand; and 
ensure good decision making regarding future investments in 
the city's road infrastructure. 

According to [6] to carry out the modeling of urban freight 
transport requires a large amount of data, among which we can 
highlight: 

Frequency of trips; 

Delivery routes;  

Location of customers;  

Amount of goods carried per vehicle; 

Data related to shippers (timetables, warehouse location, 
inventory policies); 

Data related to receivers (size of premises, number of 
employees, revenue). 

According to [7], the modeling of urban freight transport 
should focus mainly on the flow of cargo, which is related to 
road infrastructure and the freight transit between suppliers 
(origin) and consumers (destination). This modeling is based 
on estimating the Origin–Destination Matrix (OD Matrix), 
which measures the level of vehicle congestion in a future road 
network  [8]. The OD Matrix stores the travel information of 
an urban area and is of great importance in transportation 
planning. The knowledge about trip flows is usually organized 
in the form of two-dimensional matrices called the OD 
matrices, whose cell values represent the travel demand 
between each given origin (row) and destination (column) 
zone. One of the most crucial requirements for the 
transportation planning is to arrive at the traffic pattern 
between various zones through OD matrix estimation  [9] [10]. 

Among the most important works using the OD matrix can 
be cited:  [11]  [12]  [13]  [14] [6] [15] [16]  [17] . 

As highlighted [6], the importance of having tools to model 
changes in urban traffic before their implementation, since they 
involve social and political risks. As indicated [9], there is no 
universal technique for modelling urban transport and 
alternative forms need to be developed. Therefore, this 
document proposes a new method to estimate the OD matrix 
for urban freight transport through maximization of entropy.  

This paper is organized as follows: Section 2 describes the 
OD Matrix. In Section 3, the entropy maximization model is 
described and presents the proposed mathematical model. In 
Section 4, a computational experiment is performed to evaluate 
the performance of the mathematical model proposed by a 
fictitious instance. Section 5 provides conclusions of this paper. 
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II. TRAVEL MATRIX 

A travel matrix or also called OD Matrix is a square matrix, 
where the cell of each row stores the number of trips 
originating from one zone to another. The rows of the matrix 
correspond to the zones of origin and the columns of the matrix 
correspond to the zones of destination. Table I shows the 
representation of the OD Matrix. 

III. ENTROPY MAXIMIZATION FOR ESTIMATION OF OD 

MATRICES 

The entropy maximization model is used to find trips 
patterns that are as distributed as possible along the OD matrix 
based on volumetric counts in the various arcs or routes of a 
road network. According to [6], in the case of urban freight 
transport, entropy approach is more suitable than other gravity-
type approaches [18] [19] [20]. This is because delivery tours 
in the entropy approach are designated based on commercial 
considerations (customer locations or time windows); and not 
to proximity and cost considerations as in gravity-type 
approaches. 

The entropy maximization model is based on vehicle 
counting between the different routes of the road network and 
previous information from a study (Root Matrix).   

The following nomenclature is used to formulate this 
model: 

Indexes 

   : Index of road network zones. 

   : Index of road network arcs.  

Sets 

 : Set of origin zones in the road network.  

 : Set of destination zones in the road network.  

 : Set of arcs of the road network observed in the 
volumetric count. 

Parameters 

     : Total trips from origin   to destination   in the Root 

Matrix. 

   
 : Proportion of trips corresponding to the Origin-

Destination pair (     that pass through the arch to     

     :   Volume observed over the arc  . 

Variables 

   : Total trips from origin   to destiny   

The entropy maximization model is formulated as follows: 

       ∑   

(    

   (   )  ∑   

(    

   (   )                      (   

Subject to: 

∑   
 

(    

                                                                                  (   

        (      (                                                            (   

In this mathematical model, the objective function (1) 
represents the maximization of entropy. Note that the 
restriction (2) establishes that the sum of the proportion of trips 
of the different origin-destination pairs that pass through an 
arc, is equal to the total trips observed in said arc. Constraint 
(3) defines the domain of the decision variable     . The 

variable     is declared only among those origin-destination 

zones, in which there is a route that connects them. 
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For this problem not to generate a degenerate or infeasible 
solution, it must be met:              .Where the 
function |.| determines the number of elements in a set. This 
relationship is known in transport models and indicates that it 
is not necessary to establish counting points on all routes of the 
road network, but only at strategic counting points. [9] 
Recommend avoiding collect volumes on links that may not be 
independent, as they generate linearly dependent equations and 
affect the accuracy of the estimated OD matrix.  

Note that the objective function (1) is not a linear 
expression, therefore, this model cannot be solved by classical 
optimization methods. Moreover, in real cases, the application 
of the model can present a large number of variables and 
restrictions, due to the large number of nodes in the road 
network. To overcome these difficulties, a Mixed-Integer 
Programming Model based on the Piecewise Linear 
Approximation Method is proposed. The Piecewise Linear 
Approximation Method is a useful method to transform 
nonlinear functions into a weighted sum of linear terms [21]. 

Following is the reformulation of the entropy maximization 
model using the Piecewise Linear Approximation Method: 
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In this proposed mathematical model, the objective 
function (4) represents the maximization of entropy. The 
restriction (5) establishes that the sum of the proportion of trips 

of the different origin-destination pairs that pass through an 
arc, is equal to the total trips observed in said arc. The 
constraint (6) determines the value of the variable      by a 

weighted sum of a pair of adjacent points generated from the 
segmentation of the range of the variable    . In this restriction 

  represents the index of the segmentation of the range of the 

variable    ;  ̃    the value corresponding to each segmentation 

of the range of the variable    ; and      the weight assigned 

each segmentation of the range of the variable     . The 

constraint (7) determines the value of the non-linear expression 

      (   ) through a weighted sum of the evaluation of a pair 

of adjacent points. Restriction (8) states that the sum of pesos 
must be equal to one. Restrictions (9) and (10) ensure that a 
point of segmentation is selected within the range of the 
variable    ; here   represents the number of points generated 

from the segmentation of the range of the variable     . 

Restrictions (11) and (12) ensure that if a point was selected, 
then its corresponding adjacent point is also selected. The 
restriction (13) establishes that those selected points have 
assigned non-zero weights; those unselected points have zero 
weights. Constraints (14) - (16) define the domain of the 
decision variables. 

IV. COMPUTATIONAL EXPERIMENT 

The mathematical model proposed in the previous section 
will be evaluated in an instance based on the road network of a 
real case. This road network is shown in Fig. 1. In this road 
network, the nodes {           } they represent the zones 
of origin; nodes {     } represent the target zones; and the 
arcs that connect the nodes {        } represent the routes.  

Table II presents the number of possible routes between 
each origin-destination pair, the proportion of trips in the 
different arches and the total trips observed in the arcs. 
Table III shows the Root Matrix. 

The mathematical model was implemented in the AMPL 
software using the CPLEX 12.9 solver and run on a computer 
equipped with an Intel Core i3-2310M processor with 2.1 GHz 
and 4 GB of RAM. To solve the problem, 1000 segments and a 
GAP of 0% were used. 

Table IV shows the OD Matrix obtained by the proposed 
mathematical model. Comparing to Table III and Table IV, it is 
observed that both the most important origin zone and the most 
important destination zone have not changed (zone with the 
highest number of trips produced or destined); however, the 
most important Origin-Destination connection has changed for 
D-M, note that it was previously F-M. Fig. 2 compares the trips 
generated between the Root Matrix and the OD Matrix 
estimated, showing the increase and decrease produced after a 
specific period of time. Fig. 3 details the levels of increase in 
the trips generated, where the green, red and orange bars 
indicate increases of less than 15%, 15% to 25%, and more 
than 25%, respectively. This information is useful for 
transportation planning and can serve as a basis for executing 
new road works or proposing restrictions on the flow of freight 
vehicles. 
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Fig. 1. Road Network of the Generated Instance. 

TABLE II. TRAVEL OF EXISTING ROUTES BETWEEN ORIGIN-DESTINATION ZONES 

    1 2 3 4 5 6 7 8 

Origin- 

destiny 

Number of 

routes 
04-05 04-09 09-07 10-16 16-10 15-16 10-07 14-16 

A-P 1 1.00 
       

A-V 2 0.73 0.27 0.27 
     

A-M 1 
 

1.00 
 

1.00 
    

B-P 1 1.00 
       

B-V 2 0.64 0.36 0.36 
     

B-M 1 
 

1.00 
 

1.00 
    

C-P 2 
  

0.82 
     

C-V 2 
  

0.82 
     

C-M 1 
   

1.00 
    

D-P 2 
    

0.45 
 

1.00 0.45 

D-V 2 
    

0.45 
 

1.00 0.45 

D-M 1 
       

1.00 

E-P 2 
    

0.43 
 

1.00 0.43 

E-V 2 
    

0.43 
 

1.00 0.43 

E-M 1 
       

1.00 

F-P 1 
    

1.00 1.00 1.00 
 

F-V 1 
    

1.00 1.00 1.00 
 

F-M 1 
     

1.00 
  

Total trips observed 1260 770 1020 1064 550 794 1100 980 
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TABLE III. ROOT MATRIX ORIGIN-DESTINATION 

OD Matrix 
Destination 

       

O
ri

g
in

 

A 329 230 310 869 

B 296 315 246 857 

  396 370 430 1196 

  296 38 451 785 

  214 24 340 578 

  184 32 510 726 

  1715 1009 2287 5011 

TABLE IV. COMPUTATIONAL RESULT OF THE PROPOSED MATHEMATICAL MODEL 

OD Matrix 
Destination 

       

O
ri

g
in

 

A 413.7 294.6 303.5 1011.8 

B 371.9 405.2 241.0 1018.1 

  501.1 467.9 519.4 1488.4 

  335.1 43.2 567.3 945.6 

  240.0 26.6 427.9 694.5 

  226.2 39.0 528.9 794.1 

  2088.0 1276.5 2588.0 5952.5 

 
Fig. 2. Number of Trips Root Matrix and OD Matrix Estimated. 
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Fig. 3. Percent Increase in Trips Generated. 

In relation to the approximation error of the proposed 
model with the original problem, it was 

determined∑  |          (    |(    , which had a value of 

0.0025. The error obtained is not significant, demonstrating the 
advantage of applying the proposed model. Another advantage 
of the proposed model is its short computational time (few 
seconds) to solve the problem.   

V. CONCLUSIONS 

In this article, the urban freight transport planning problem 
is addressed, applying the Entropy Maximization approach to 
estimate The Origin-Destination Matrix between set of origin 
zones and destination zones. The difficulty of the Entropy 
Maximization approach lies in its formulation, which is non-
linear in nature. In order to overcome this difficulty, a Mixed-
Integer Programming Model based on the Piecewise Linear 
Approximation Method is developed in this paper. 

A computational experiment was carried out in a fictitious 
instance generated from a real case. The application of the 
proposed mathematical model demonstrated its efficiency in 
obtaining computational results, with a negligible 
approximation error and a reduced computational time. 

Therefore, the proposed model confirmed its usefulness as 
a tool to be used in real cases, making the trip estimation 
satisfactorily. 

For future work, the estimation of trips generated by cargo 
vehicles by type and transit schedules on the roads can be 
considered. 
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