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Abstract—Quantum technology has been introduced in the IR
4.0, breeding a new era of advanced technology revolutionizing
the future. Hence, understanding the key resources of quantum
technology, quantum entanglement is vital. Growing interests in
quantum technologies has raised comprehensive studies of
guantum entanglement, especially on the entanglement
classification. Special Linear group, SL(n) of multipartite
entanglement classification under the SLOCC protocol is not
widely studied due to its complex structure, creating a curb in
developing its classification method. Therefore, this paper
developed and delivered a classification method of pure
multipartite, three-qubit quantum state using a combination of
Special Linear group, SL(2) x SL(2) x SL(2) model operator
under the SLOCC, classifying entanglement using the model
operator with certain selected parameters. Further analysis was
done resulting in the determination of the six subgroups, namely
fully separable (A-B-C), bi-separable (A-BC, B-AC and C-AB)
and genuinely entangled (W and GHZ).
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I.  INTRODUCTION

The utilization of quantum entanglement is important in
quantum computing, quantum cryptography, and quantum
teleportation. This research main focus is the three-qubit
guantum system entanglement classification as multipartite
entanglement is considered complex and still an open problem
[1,2].

Quantum entanglement is one of the key resources in
guantum information processing [3]. An entanglement can be
described simply as multiple quantum subsystems states that
cannot be described independently, regardless the distances
between the subsystems [4]. To put it simply, an object’s
properties between two or more objects are dependent to each
other. Over the years, quantum entanglement has sparked a
massive interest of research in numerous fields namely
quantum computing, quantum cryptography and quantum
teleportation [5-15].

In quantum computing, the utilization of quantum
entanglement principles would be a great power fuel [16, 17].
The concept of superposition and quantum bit also known as
qubit is the core of a quantum computer. Yu [15] coined,
superposition and qubit allows a quantum computer to process
information at a significantly higher rate compared to its
classical counterpart. It is reported that the most recent
achievement made by one of the leader in the game, IBM
quantum computer has exceeded over 1000 qubits and the
organization has mapped their journey for the next few years
[18].

Kumari and Adhikari [19] and Walter, et al. [20] has stated
that in multipartite entanglement classification, there exists six
inequivalent classes under Stochastic Local Operations and
Classical Communication: One fully separable state (
A—B-C ), three bi-separable state ( A—-BC , B—-AC ,
C - AB), and two genuinely entangled state (W and GHZ ).
To ensure a successful quantum information processing tasks,
entanglement classifications is definitely a must.

In a three-qubit system classification, three main
transformation protocols are Local Unitary (LU) protocol,
Local Operations and Classical Communication (LOCC)
protocol and Stochastic Local Operations and Classical
Communication (SLOCC) protocol [21]. In this research,
SLOCC protocol is utilized. According to Zha, et al. [22],
SLOCC is the key in classifying higher dimensions qubit states
and assists in dictating its entanglement within. However, Zha,
et al. [22] added along with Lin and Wei [23], the
entanglement classification can be challenging with a higher
qubit quantum system mainly due to its infinite inequivalent
SLOCC classes.

The classification of entanglement under the SLOCC
protocol remains a significant challenge in multipartite
entanglement. This event is still not well understood and rather
complicated to be generally analysed [3, 20-22, 24-26].
Consequently, any transformed quantum state cannot be
observed to execute the similar quantum information
processing tasks [24].
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The purpose of classifying entanglement under the SLOCC
is to class the quantum states respectively to its tasks [21, 27,

28]. Two states |,) and |¢) are SLOCC equivalent if both can
execute a similar quantum information processing tasks [22].
According to M. Cunha, et al. [29], pure three-qubit GHZ and
W states are non-equivalent under SLOCC. It means that it is
unfeasible to transform a class state into another class state
conversely. Li, et al. [30] stated SLOCC holds an advantage
over LOCC that is SLOCC take on an uncomplicated
mathematical form.

Research on a different group and protocol, namely Special
Unitary group, SU (n) under Local Unitary (LU) protocol has
been conducted to unfold the issue in multipartite state
transformation. Nevertheless, the classification of multipartite
entanglement in Special Linear group, SL(n) has its limitation
in determining the particular quantum state classes as a
consequence of the complexity of multipartite concept under
SLOCC protocol [20, 31, 32]. Reason for this complication is
that there are infinite number of SLOCC classes and the
overlapping Special Linear group, SL(n) subgroups [20, 31].

The main purpose of this research is to develop a
straightforward multipartite entanglement classification model
under the SLOCC protocol. This study employed Von
Neumann entropy measurement,
S(p)=-Trp,Inp), i=AB,C, specifically to detect an
entanglement of the quantum states. The paper is organized as
follows. The research methodology is detailed in Section II,
followed by results and discussion in Section Il and Section
IV concludes the research.

Il. METHODOLOGY

The modeling process of the SL(2)xSL(2)xSL(2)
operator model included the following steps:

1) Understanding the  measurement for  SL(2)
parameterization. The variables of both the generator and
parameters were thoroughly investigated at this stage.

2) Aligning the selected parameters with the used
generator. This step established the parameter range to be
used.

3) Developing the matrix for the operator model and
implementing it in Mathematica 13.2.

4) The SL(2)xSL(2)xSL(2) operator model full
development. The process starts with combining the
developed operator model with the initial pure quantum states
to create a three-qubit quantum system.

Mathematica 13.2 software was chosen for its symbolic and
numerical computations processing capabilities, making it
suitable for simulations and mathematical modeling. It offers a
powerful platform for creating and manipulating mathematical
expressions and formulations, which is crucial for the
development of the SL(2)x SL(2)xSL(2) operator model.

Vol. 14, No. 10, 2023

Three parameters were selected and incorporated into the
SL(2)x SL(2)xSL(2) operator model because they have a

significant influence on the correlated qubits:

1) The translation parameter w was represented within the
range of —o — +oo , illustrating the position of a particle,
which can take both positive and negative values.

2) The scaling parameter r was represented within the
range of 0 — + oo, illustrating the size of a particle, which can
only take a positive value.

3) The rotation parameter t was represented within the
range of 0 — 27, illustrating the precise position of a particle
within a plane.

The specific parameter values selected for every initial pure
guantum state system are presented in the results section. Both
operator model, SL(2) and SL(2)xSL(2)xSL(2) was
developed in Mathematica 13.2. Fig. 1 shows the steps in
developing the matrix for SL(2)xSL(2)xSL(2) operator
model.

Start

Matrix development of SL(2)

Matrix combination development of
SL(2) x SL (2) x SL(2)

End

Fig. 1.  SL(2) x SL(2) x SL(2) operator model matrix development.

The development of the SL(2) operator model began with
the representation of SL(2) as series expansions of
exponential, cosine, and sine functions. The mathematical
model was extended after completing the matrix development
of  the initial SL(2) operator ~ model.  The
SL(2) x SL(2)x SL(2) model is designed to represent a multi-
qubit quantum system, as the initial SL(2) operator model
only accounted for a single-qubit quantum system. The tensor
product of SL(2)x SL(2)xSL(2) operator model resulted in a

large 8x8 composite matrix. Illustrated in Fig. 3 is the
operator  model  for SL(2)xSL(2)xSL(2) . The
SL(2)x SL(2)xSL(2) operator model is denoted as SL2
from this point onward. The development went through several
critical steps for its completion as illustrated in Fig. 2.

Fig. 2 shows the SL2 operator model in action on a fully
separable quantum state, resulting in SL2|000> . In this study,
the SL.2 operator model is also applied to bi-separable (
A—BC) and genuinely entangled (W and GHZ ) quantum

states. The combination procedure of SL2 is illustrated in
Fig. 4.
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Fig. 2. SL(2) x SL(2) x SL(2) operator model development.
2118282 (Cos[b1]) -isin[b1] 03678794 (Cos[b1]) - i sin[b1]
e ( 0 03678794 (Cos [ b]) - i Sin [bl])
00854 (cos[ot]-isin[b]) . . . . . 0.049787 (Cos [61] -isin [b])
0 oo 0049787 (cos[b2] -isinb2])” (cos[b2] + isin [b2])
0 e 0049787 (cos[bt] - sin[6]) (cos[be] +isin[b1])
0 e e 0049787 (cos[b2] -isin[62]) (cos[b] + i sin [b2])
SL(2) ® SL(2) ® SL(2) = "
0 e 0049787 (cCos[b1] -isin[b1]) (cos[ba] +isin[b1])
0 e 0040787 (cos[b2] -isin[bt]) (cos[ 6] + i sin [b2] )
0 oo 0049787 (cos[b1] -isin[62]) (cos[b] + i sin [62])
0 0.049787 (cos [ 6] + i sin [ 2] )’

Fig. 3. SL(2) x SL(2) x SL(2) operator model.

SL2 model operator is applied to separable state,
‘000>, becomin SL2|000> , hence a new quantum
state is created, f‘/f

SL2|000} — |y}

[ Calculate partial trace for |l}/> . ]
[ Calculate eigenvalue for |W> . ]
[ Calculate entropy value for |W> . ]

Fig. 4. SL 2 operator model combination procedure.
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I1l. RESULTS AND DISCUSSION

As shown in Fig. 4, the SL2 operator model is applied to
a fully separable quantum state, resulting in a new combined
quantum state denoted as |y) . It was also applied to bi-

separable (A—BC) as well as genuinely entangled (W and
GHZ ) quantum states. Each quantum state was simulated
using two sets of translation and scaling values, each of which
contained 24 rotation values. The simulations provide valuable
insights into the characteristics of the quantum states when
acted upon by the operator model under various values of
translation, scaling, and rotation.

The translation parameter was selected within the range of
—o0 — +oo While the scaling parameter is selected within the

range of 0 —» +o . The rotation angle parameters were
determined and selected within 0 — 27, which encompassed

all four quadrants of the Cartesian plane. There are two main
case simulations: Case 1 and Case 2. In each case, the
translation and scaling values were fixed while different
rotation angles were used. Table I shows the values used for
translation and scaling, while Table Il shows the values used
for rotation.

Vol. 14, No. 10, 2023

qubit entanglement of the initial quantum states as fully
separable, bi-separable, and genuinely entangled. The
simulations revealed that the final quantum state remained
unchanged from the initial quantum state in some cases, while
the parameter selection manipulation changed the final
quantum state in others. The simulation results demonstrated
that the entanglement class of a quantum state can be altered or
maintained by controlling the translation, scaling, and rotation
parameters while adhering to the SLOCC protocol. This
demonstrates the significance of these parameters in
influencing the entanglement properties of a quantum system.

TABLE I. TRANSLATION (W) AND SCALING (R) PARAMETERS
Case Parameters
1 w=1r=1
_ _1
2 w=-1,r= 7

The classification process was influenced by the values of
all three parameters, as listed in Table | and Il. The von
Neumann entropy is given by

S(p)=-Tr(p Inp), i=AB,C. The value of this entropy

range between 0£ S(r)£ 1 for all density matrix r , with 0

indicating a fully separable quantum state and 1 indicating the
maximum value of entanglement. These values enable us to
observe the degree of entanglement for specific quantum states
and further classify them based on the parameter combinations
used in each simulation.

The simulation's initial quantum states cover four out of six
entanglement classes under the SLOCC protocol: fully
separable ( A—B—-C ), bi-separable ( A—BC , B-AC,
C—-AB), and genuinely entangled (W and GHZz ). The
other two classes of bi-separable (B— AC and C — AB) were
not considered separately because their attributes are similar
and can be represented by the A—BC class. The combination
of these initial quantum states with the operator model
generated a new quantum state, representing the combination
after the transformation. The new quantum state was then acted
upon by three selected parameters: translation, scaling, and
rotation.

Table Il summarizes the classification of pure three-qubit
entanglement simulations for fully separable, bi-separable, and
genuinely entangled states using a special linear group under
the SLOCC protocol and the von Neumann entropy
measurement. The study successfully classified pure three-

TABLE II. ROTATION (T) PARAMETERS
Quadrant Angle (m) Angle (°)
T 90
2
T 45
4
T 30
i 6
T 25
. .
T 18
10
il 15
12
T 180
3 135
4
5?“ 150
2nd
7m 1575
8
In 162
10
1im 165
12
3m 270
2
s 225
4
7?” 210
3rd
In 2025
8
1in 198
10
13m 195
12
2 360
7m 315
4
% 330
4th
15m 3375
8
o ”
10
23m 345
12
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TABLE Ill.  PURE THREE-QUBIT ENTANGLEMENT CLASSIFICATION
Initial Quantum State Case Rotation (t) Final Quantum State
mT T 5m 7m 9m 11m 3m 7m
s
IR . T vl el R it
1 2'4'6 8'10'12 "2 "6
9t 11m 13w 7m 1lm
g 10 12" 4" 6
A-B-C A-B-C
T T T 5m 7m 9m 11m 3m 7m
P R Bl el Rl el R S
2 2’46 6'8'10"12"2 "6
9t 11m 13m 7m 11m
8'10 12" 4" 6
m om 5t 7m 9n 1lm 3m 7m 9 1im
2’34’5’8’10’12’2’5’8’10 A-B-C
131
e
12
1
Vais
iy A-BC
A-BC 4
T 3m 5m 3m 5m 7m
ST T T T A-B-C
2'476'2"4"6
2
m m 7m 9m 15m 19m 23T
Ty e 2 T A-BC
8 '8 8 10 ' 12
T 3n 5m 7m 9m 1lm 3m 5m 7m
2°"24"6"'8"10"12 "2 "4 6"’ _
1 9n 11m 13m A-BC
8 ' 10 ' 12
T 3n 5m 7m 9m 1lm 3m 5m 7m
W E’n’T'?'?'E'12'7'T’?' ABC
o 11m 13T DT
8 ' 10 ' 12
2
T T 1[1(1(11:71'[111[151[
11-9’6'238'10'12' >4’ 6 ' 8" GE
us TC
10 ' 12
u 7t 9m 1im 9m 11m 13T 77
Som, o e e = T | ABC
n 4 8'10' 12 "8 ' 10 ' 12 ' 4
™ 7T
-, = GE
6'6
GHZ 1[1[1[11:51'[ 7T 9m  11m 3m 7w
2’4’6’7 76 '8 "'10" 12" 2 "6’
ot 11m 13m 7m 11w A-B-C
2 8’10’ 12 4" 6
m 15T
LEEL GE
8’ 8

IV. CONCLUSION

This study focused on the entanglement classification of the
pure three-qubit quantum system using a novel mathematical
operator model SL2 based on the special linear group
principles under the SLOCC protocol. The SL2 operator
model derived was successfully developed using Mathematica.

The utilization of special linear group definitely has its
advantage over special unitary group, as it can principally
increase and decrease the degree of entanglement of the
guantum systems, while special unitary group maintains the
entanglement of quantum states. The simulations resulted in
the entanglement classification of the three-qubit quantum
system into fully separable ( A—B—C ), bi-separable (
A—BC), and genuinely entangled (GE ) states, which were
validated with previous studies to demonstrate the success of
the developed operator model.

Additionally, the operator model has the potential to be
extended to entanglement classification for mixed quantum
states for three-qubit quantum systems. Valuable conclusions

about the effects of parameter manipulation on entanglement
states can be drawn, contributing to a better understanding of
quantum entanglement and its potential applications in
quantum information processing.
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