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Abstract—Aerospace applications place high demands on 

designing Shape Memory Alloy (SMA) actuators, including 

accuracy, dependability, high-performance criteria, and 

cooperative activation. Because of their portability, durability, 

and performance under extreme conditions, SMAs have found a 

home in the aerospace industry as single and array actuators. 

This paper presents the development of a control scheme for 

thermally activating rotary SMA actuators as single and 

cooperative actuators. The control scheme is a hybrid adaptive 

robust control abbreviated as HARC. The immersion and 

invariance adaptive (I&I adaptive) and L2-gain control 

frameworks are utilized in developing the HARC approach. To 

create stable transient responses despite parametric and non-

parametric errors, recursive backstepping is utilized for 

asymptotic stability. At the same time, L2-gain control is applied 

to ensure the global stability of the transient closed-loop system. 

Both techniques are used in conjunction with one another. In 

contrast to the conventional I&I, the robust control law can be 

developed without needing a target system or the solution of 

PDEs to satisfy the I&I condition. The parametric uncertainty is 

estimated with the help of an adaptive rule, and the non-

parametric uncertainty brought on by the phase change of the 

SMA material and modeling mistakes is accounted for with the 

help of asymptotic nonlinear functions. The designed HARC is 

then extended to cover the actuation of multi-SMA or array 

actuators to respond to the increasing demand for cooperative 

controllers using distributed control protocols.  It has been 

demonstrated through simulation testing on a rotational NiTi 

SMA actuator that the suggested control approach is both 

practical and resilient. 

Keywords—Adaptive backstepping; hysteresis; I&I control; L2-

gain control; rotary actuator; shape memory alloy 

I. INTRODUCTION 

Shape memory alloy (SMA) materials are promising 
materials for enhanced aircraft actuation because to their 
excellent physical and thermomechanical properties. SMA 
materials outperform other materials in terms of shape memory 
effect (SME) and superelasticity. The capacity of distorted 
SMA to regain its original shape following heating is referred 
to as superelasticity. Because of their superior performance 
qualities, SMA actuators can be employed in place of more 
traditional actuation solutions like solenoids, motors, 
thermometers, and even vacuum and pneumatic systems. SMA 
actuators have excellent control characteristics such as rapid 
response time, oscillation damping, and low power 
consumption. SMA actuators are of tremendous interest and 
usage in many cutting-edge industries, such as aerospace, 
automotive, information technology, and biomedical 
engineering [1-3]. Additionally, SMA actuators are highly 

effective at absorbing and dissipating mechanical energy. They 
can be used in numerous forms, including wires, springs, and 
strips. Typically, the actuation frequency of SMA actuators is 
much lower than that of conventional actuators such as DC/AC 
motors and hydraulic systems. 

SMA twist or rotational actuators are a feasible solution for 
traditional step motors. They can be used to make helical 
torsion springs, twisted wires, twisted strips, thin-sheet 
torsional actuators, and antagonistic multiple-wire designs 
[4,5]. Applications for SMA torsional actuators include self-
reconfigurable and modular robots, surgical instruments, and 
transformable wings [6-8]. SMA thermal activation via Joule 
heating with an electrical current is an efficient way for 
optimizing the effect of shape memory [9,10]. Understanding 
the heat activation and heat transport mechanisms of shape 
memory alloys is essential for employing them creatively and 
increasing their possible uses. However, the solid-state phase 
transformation and its accompanying physical phenomena, 
such as hysteresis, make regulating SMA-based actuators a 
difficult task. 

To address the problem of SMA twist actuator control, 
various nonlinear control approaches were used. Sliding mode 
control (SMC) has been used in a variety of topologies to 
address nonlinear dynamics and hysteresis in SMA materials, 
as well as parameter uncertainties in system modeling. A wide 
range of SMC-based rotary SMA controllers have been 
designed and implemented for a wide range of engineering 
systems, including morphing airplanes [11], artificial muscles 
inspired by the human arm [12], multi-rod bars for flexible 
robotic arms [13], and flexible needles for clinical applications 
[14]. Despite applying various strategies, such as the saturation 
boundary layer function, the SMC-based controllers displayed 
control input chattering, which is damaging to the actuation 
systems. The challenges of SMA modeling and control have 
been overcome, for example, by employing fuzzy logic control 
(FLC) and artificial neural networks (AINN). Several studies 
on FLC and ANN for SMA have been published [15-20]. 
However, both FLC and ANN implementation necessitate 
sophisticated and time-consuming techniques. 

Adaptive backstepping control (ABC) is a powerful robust 
control approach that is commonly used in the control design 
of nonlinear, dynamically unpredictable, and nonsmoothed 
systems. ABC is a promising new method for industrial 
applications, particularly in electrical, medical, and aerospace 
systems. Few studies have been conducted to address the 
problem of SMA hysteresis control using nonlinear adaptive 
backstepping control. Recently, [21] addressed the problem of 
hysteresis in control systems by employing a unique hysteresis 
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model and an ABC to assure stable and accurate control. In 
[22], authors used ABC to design a control system for a soft 
robotic muscle inspired by biology. The authors demonstrated 
that ABC outperforms adaptive sliding mode control regarding 
time-domain response performance. This paper presents a new 
hybrid adaptive robust control (HARC) method to thermally 
activate SMA rotary actuators in the presence of parametric 
and non-parametric uncertainties. The technique combines I&I-
adaptive control with L2-gain control. A Lyapunov-based 
analysis of the controller's stability is presented. The proposed 
controller can provide robust and rapid tracking of the desired 
system response despite its asymptotic convergence. The 
following is the outline for the paper. In Section II, the 
thermomechanical modeling of a rotary SMA actuator is 
presented along with the control objective of this paper. 
Section III presents the design of a nonlinear backstepping 
controller and an adaptive parameter law. Additionally, a 
stability analysis is investigated. Section IV presents numerical 
results, while Section V provides a conclusion and future 
perspectives. 

II. MATHEMATICAL MODELING OF A ROTARY SMA 

ACTUATOR AND CONTROL OBJECTIVE 

In this study, the angular position response of a rotary SMA 
actuator is controlled by the thermally induced shape-memory 
effect (SME) under electrical current input where the electrical 
power is converted to heat. Typically, this mechanism is used 
to control the SMA actuator. Under the influence of heat, the 
SMA actuator phase transitions from martensite to austenite 
and then back to martensite upon cooling. Fig. 1 shows some 
aerospace applications of SMA actuators. 

 
a) 

 
b) 

Fig. 1. SMA actuators applied in aerospace control i: a) SMA actuator for 

Boeing 777-300ER airplane engines [24]; b) SMA actuator for torque control 

of the outboard wing section. 

A heating or cooling process governs the phase 
transformation of SMAs from martensite to austenite and vice 
versa. During the heating process, unloaded martensite begins 
to transform into austenite at the austenitic start temperature    
with a martensite volume fraction    . The transformation 
continues until the austenitic transition temperature    and 

    are reached. The hysteresis loop depicted in Fig. 1(b) 
explains the irreversible nature of the crystalline structure 
change during thermally induced SME. 

A. Thermomechanical Modeling 

Consider an SMA model wire with a small diameter and a 
lumped capacitance, where the internal thermal gradient is 
small and the latent heat effects are negligible. The following 
lumped-capacitance thermal and Liang-Brinson 
phenomenological model was found to be adequate for this 
study [24]. 

{

                                                                     
    ̇     ,    -                         

 ̇    ̇    ̇    ̇                                    
  (1) 

where,  ,  ,   denote the stress, strain, and temperature 
states;  ,  , ,  ,   denote the actuator’s mass, specific heat, 

convection heat transfer coefficient, convection area, and 
resistor, respectively;   denotes the phase transformation, 
     is the ambient temperature and     

  denotes the 
control input where    is the electrical current. The elastic 
deformation   is given by 

  (       )   ⁄     (2) 

where,    is the initial length of the SMA actuator. The 
lumped-capacitance thermal model exhibits mathematically 
simple behavior and conforms to Newton’s law of cooling. 

     ( )     (     ) 
      (3) 

where,    is the ambient temperature,    is the initial 
temperature of the wire, and         ⁄ . The stress-strain 

model is a macro-mechanical or phenomenological constitutive 
law developed by Tanaka and updated by Liang and Brinson 
[25]. The model considers both thermomechanical and phase 
transformations. In Liang-Brinson model, the phase 
transformation volume fraction is modified to include the 
effect of complex loadings using cosine function rather than 
the exponential function used in Tanaka model. 

B. Enhanced SME Model 

We use the Elahinia-Ahmadian phase transformation model 
to predict the SMA behavior under complex fast stress and 
temperature loadings, which is the case for most rotary 
actuators. Experiments have demonstrated that the modified 
model can predict SMA behavior under complex loading 
conditions [26, 27]. The martensite volume fraction is 
calculated using the following equation during the reverse 
transformation of martensite to austenite by heating. 

   
  

 
*   ,  (    )     -   +  (4) 

The reverse phase transformation occurs under the 
following heating and unloading conditions. 
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{
   

 

  
      

 

  
           

 ̇  
 ̇

  
                                   

        (5) 

Similar conditions were developed for the modified 
austenite to martensite phase transformation using cosine 
equation. The martensite volume fraction is computed as 
follows: 

   
    

 
   [  (    )     ]  

    

 
  (6) 

with 

{
   

 

  
      

 

  
           

 ̇  
 ̇

  
                                   

  (7) 

In this formulation    and    are material properties which 
describe the relationship between temperature and critical 
stress to induce transformation, and the parameters    and    
are defined by 

    
 

      
            

 

      
     (8) 

C. Kinematic and Dynamic Modeling 

The SMA actuator model is a bias-type actuator whose 
general kinematics and dynamics equations are given as 
follows: 

{
 ̇                                            
  ̇   ( )       ( )       

   (9) 

where,           are the actuator’s angular position, 
angular velocity, effective inertia, damping, and stiffness, 
respectively;     denote the control effort and the Piola-
Kirchhoff’s stress. The input torque   ( ) is supposed to be a 
linear function of the mechanical stress   

 ( )                                              (  ) 

D. Control Objective 

The control objective is to guarantee that the transient 
trajectories of the angular position, angular speed, the 
temperature are globally bound and converge to a new 
equilibrium despite hysteresis. We introduce, in systems (1) 
and (9), the new states      ,     ,       with an initial 
steady-state operating equilibrium defined as ,                -

  

{

                                                                     
 ̇                                                           

 ̇                   (   )

 ̇     (      )        (   )

                    (  ) 

with 

,

                  
     ⁄             ⁄      ⁄                   

      (   )⁄           (   )⁄       
             

The model in (11) is a nonlinear dynamic model where   
denotes the uncertainty in the damping properties of the 

actuator and   ( ) and   ( ̇) are uncertain bounded functions 
denoting the nonlinear hysteretic terms. The upper limits   ( ) 
and   ( ̇) satisfy  

|  |     
    (12) 

For simplicity, in the following   ( )  and   ( )  are 
substituted by    and   . The control input   in (11) is designed 
to provide a robust and adaptive control input to the thermal 
actuation system of the SMA actuator. The adaptive law 

 ̂    (   ̂), where  ̂ denotes the estimator of   provided by 

a proper adaptive law, is designed to compensate for 
parametric and non-parametric uncertainties. The robustness 
control component is designed using dissipation theory for 
which an energy storage function  ( ( ))  is selected to 
guarantee the following condition. 

 ( ( ))   ( ( ))  ∫  ( ( ))  
 

 

                   (  ) 

where   ,       -
  and   is an energy supply function. 

The parameter adaptive law is designed as follows. 

 ̇̂   (   ̂)                                              (  ) 

In absence of phase transformation, the control input 

 (   ̂)  with the parameter adaptive law (14) guarantee the 

global asymptotic stability of the closed loop (11). For the case 
     (     ), a global asymptotic stability is provided by 

the control law  (   ̂) under L2-gain control bound. 

III. ADAPTIVE ROBUST SMA CONTROLLER DESIGN 

A. Parameter Adaptive Law 

The parameter adaptive law is designed to alleviate the 
influences of nonlinear parameter uncertainties. To construct 
the adaptive law (14), a parameter estimation error is defined 
as follows: 

   ̂     (     )                                (  ) 

where,  (     ) can be chosen as function of the actuator’s 
motion states and be designed such that          . For 
simplicity  (     )  is denoted by  . The time derivative of 
expression  (15) along the trajectories (11) gives  

 ̇   ̇̂  
  

   
 ̇  

  

   
 ̇                                (  ) 

Using the dynamic model in (11), the time derivative  ̇ is 
written as follows 

 ̇   ̇̂  
  

   
    

  

   
(                  )      (  ) 

Consider the case of      and suppose that   is 
asymptotically convergent function with           , the 

estimator  ̇̂ can be chosen as 

 ̇̂   
  

   
   

  

   
(      ( ̂   )        )      (  ) 

which yields to 

 ̇   
  

   
(      )                             (  ) 
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B. Robust Control Law Design 

To design a robust SMA controller, we define for the 
dynamic system the following tracking errors 

{
        

 

        
     (20) 

where,   
 ,   

  are of class  ( ) and define the desired states 
that serve as virtual control inputs to the first and second 
equations of model in (11). 

Step 1: Angular position subdynamics stabilization 

From the first equation in system in (20), the dynamic of    
is obtained as 

  ̇          
                                       (  ) 

With     , the system in (21) is stable under the 
following virtual control law. 

  
                                                  (  ) 

Step 2: Angular velocity subdynamics stabilization. 

 ̇                                          (  ) 

For the effect of the phase transformation on the actuator 
dynamics, we propose the following dissipation function. 

   
 

  
∑(

 

 
  
 )

 

   

 
 

 
(‖ ‖      

 )         (  ) 

where   ,               -
  is the output vector and 

    . Substituting (16) and (18) into (19) gives 

   ,       (                        )-

 
 

 
(  
   

    
   

      
 )                             

    (  ) 

One can write (23) as follows: 

        
   

 

 
(    

  
 
)
 

 
 

 
    

               

   ,     (     )        -

     (  ) 

with 

      
 

 
  
   

  
 

 
  
 ,          .

 

  
 
 

 
  
 /       ,     

      
 

 
  
  

 

  
 

To satisfy the dissipation condition for the function   , a 
virtual control   

  is chosen as follows 

  
  

      ( ̂      )  
  

                    (  ) 

where  ̂  is the estimation of   to be provided by the 
adaptive law and   is a smooth function to be designed later. 
Substituting (26) into (27), the function    becomes 

        
   

 

 
(    

  
 
)
 

 
 

 
    

 

       (  ̂     )               

                  (  ) 

It follows that the condition       is satisfied only if 

  ̂                                        (  ) 

Step 3: Real control law 

The real control input to system in (11) is designed to 
ensure the dissipation condition in (13). Thus, a new function 
   is constructed as follows 

   
 

  
∑(

 

 
  
 )

 

   

 
 

 
(‖ ‖    ∑(  

 )

 

   

)       (  ) 

With          
  , one can obtain 

 

 ̇     (     )                     

                    *
   ̇  ( ̂     ) ̇  . ̇̂  ̇/   

  
+
                          (31) 

It follows that  

        
   

 

 
.    

  

 
/
 

 
 

 
    

        ( ̂     )                        

  (   (     )         *
   ̇  ( ̂     ) ̇  . ̇̂  ̇/   

  
+)

(32) 

The real control law for system in (11) is obtained as 
follows 

  
 

  
*  (     )  

   ̇  ( ̂     ) ̇  . ̇̂  ̇/   

  
+  (33) 

C. Stability Analysis 

To address the global stability of the SMA actuator, the 
dynamic model in (11) is put in an error form using the 
definitions (21), (23), and (30). 

{
  
 

  
 
 ̇                                                                         

 ̇                       (        )

 ̇  (    (     )                                         

 [
   ̇  ( ̂      ) ̇  . ̇̂   ̇/   

  
])

         (  ) 

Consider a Lyapunov candidate function   ∑ .
 

 
  
 / 

   , 

the function    given in (30) can be written as follows. 

    ̇  
 

 
(‖ ‖    ∑(  

 )

 

   

)                            (  ) 

From (33), it follows that      if and only if       ( ̂  

   ), thus. 

 ̇   
 

 
(‖ ‖    ∑(  

 )

 

   

)                (  ) 

The integration of (36) for the case of         gives 

 ( )   ( )  
 

 
 ∫ ‖ ( )‖ 

 

 

     ( )                (  ) 
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It can be seen from system in (35), that the origin (   
       ) is globally stable. For the case of non-parametric 
uncertainties where          , the following semi-defined 
function is considered  

 (   )       
  

 

 
(    

  
 
)
 

 
 

 
(    

  
 
)
 

                        

 (
 

 
    

(    ̂   )  
   

)

 

 (   
(    ̂   )  

   
)

 

        

 

(  ) 

From  (35), it follows that 

 ̇    (   )                                       (  ) 

According to Lasalle-Yoshizawa theorem [26], all solutions 
of (11) are globally uniformly asymptotically stable and satisfy 
the following condition          . 

D. SMA-based Array Actuator 

Consider the case of an array actuator where all the 
individual actuators are connected to the power supply source. 
The following distributed heat law is considered for thermal 
activation of the i

th
 SMA actuator.  

   
 

  
[  (       )                                             

        
   ̇    ( ̂      ) ̇    . ̇̂   ̇/     

  
]

 [∑    (     )

   

    (     )]  

             (  ) 

with      is a control gain.  

The control objective is achieved when all the actuators’ 
states reach the desired value according to the following 
consensus 

{   
    

‖     ‖                                     (  )  

where,     is the settling time and     are the coefficients of 

the adjacency matrix of the activation topology. 

IV. NUMERICAL RESULTS 

To demonstrate the efficacy of the theoretical 
developments, numerical calculations have been performed. 
Since the twist angle    measures the actuating capability of the 
SMA rotary actuator, two desired twist angle paths are 
considered. First, the SMA wire is heated to its final austinite 
temperature     to achieve the desired steady angle        . 
The SMA actuator was then heated between    and    to track 

a desired time-varying sinusoidal twist angle in the presence of 
external disturbances. The non-parametric uncertainties     and 
   are determined as follows: 

,
     

 (    )    ( )

     
 (    )    ( )

 

with              . 

The thermomechanical properties of the selected       
material and the actuator parameters used in this simulation are 
shown in Table I. 

TABLE I.       MATERIAL AND ACTUATOR PROPERTIES 

NiTi material Actuator wire 

property Value property Value 

   ,    (  ) 18.4, 9   (      ) 6054 

   ,     (  ) 34.5, 49    (      )      

   ,    (     ) 8e6, 13.8e6   (  ) 0.4 

    ,       (Pa) 100e6,100e6    (  ) 100 

   ,    1.1e-6, 6.6e-6  ( ) 3.0 

   0.067    (  ) 25 

Scenario 1: A simulation of angle-temperature actuation 
was run to validate the single actuator control law (33).  The 
twist angle achieved the desired          without 
overshooting, the temperature   saturated around      and the 
equivalent stress   reached        .  Fig. 2 shows the 
simulation results for with tuning of parameter  . 

Fig. 3 demonstrates that when the suggested HARC method 
is applied, the transient response of the actuator states 
converges faster and without oscillation compared to other 
conventional adaptive backstepping control (CABC) methods. 

 
(a) 

 
(b) 

 
(c) 

Fig. 2. Actuator transient response with tuning of parameter  : a) Twist 

angle  , b) rotary velocity  , and c) heating temperature  . 
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(a) 

 
(b) 

 
(c) 

 
(d) 

Fig. 3. Comparison between proposed HARC and CABC methods: (a) Twist 

angle  , (b) rotary velocity  , and (c) heating temperature  , d) parametric 

estimator  . 

Scenario 2: To simulate the cooperative actuation of an 
array SMA actuator to overcome individual actuator load 
bearing limitation, a cooperative task is attributed to a set of 
four actuators to track a sinusoidal twist angle   ( )  
     (    )( ). The actuators were put under initial conditions 

of temperature   ,                -    and initial twist angle 

  ,                  - . A disturbance of         is 
introduced at        simulating a sudden change in the 
electrical current and checking the controller’s robustness. 

The four actuators were actuated according to activation 
topology shown in Fig. 4. The distributed control law in (41) is 
used to activate the array controller and the results are shown 
in Fig. 5. 

                         
                                               

                         
                                               

Fig. 4. Actuation topology for a four-SMA actuator. 

 
(a) 

 
(b) 

 
(c) 
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(d) 

Fig. 5. Simulation results for a multi-SMA actuator under time-varying 

actuation topology: a) twist angle, b) angular speed, c) temperature, and d) 

stress-strain diagram. 

Remark 1: Fig. 3 shows a fair comparison between the 
proposed hybrid adaptive robust control scheme and one of the 
conventional backstepping control approaches. The 
comparison shows that the hybrid approach provide high-
performance and more stable transient response rather than the 
conventional solution that ignores the nonlinear effect of the 
system parameters. 

Remark 1: Fig. 3(d) shows that the parameter estimator 

 ̂( ) starting from the initial condition  ̂( )    converges to 
its steady-state value        without oscillation. 

Remark 2: Changing the design parameter   in (24), the 
transient response of the twist angle, angular speed, and 
temperature states are affected as shown in Figure 4. The 
tuning of the parameter   directly affects the convergence of 
the actuator states. Short settling time, small fluctuations, and 
stable response are obtained with small values of   . 

V. CONCLUSION 

This paper proposed a hybrid adaptive robust control 
approach for thermal activation of a multi-SMA rotary actuator 
in the presence of parametric and non-parametric uncertainties 
using adaptive backstepping control. First, a control method 
that integrates adaptive immersion and invariance (I&I 
adaptive) control, L2-gain control, a parameter estimation law, 
and asymptotic smooth disturbance functions for induced effect 
of SMA phase transformation was developed. Pre-defined 
target system and PDEs solving process, presented in the 
conventional adaptive backstepping methods, were skipped 
altogether. Then, the developed control scheme was extended 
to actuate a multi-agent or array controller where a cluster of 
controllers are used together to cooperate for load bearing 
beyond their individual capabilities. The distributed control 
protocols were designed to work in coordination under 
switching activation topology to avoid excessive current supply 
and minimize the activation cost. Different simulation 
scenarios for tracking the target twist angle, thermal load 
disturbance, and parameter tuning have been carried out to 
demonstrate the effectiveness of the suggested control method. 
From what can be seen in simulation results, the suggested 
hybrid adaptive robust control method offers a viable solution 
for improving the performance of SMA actuators mainly in 

terms of stability and robustness. Future works will consider 
the trade-off between actuator performance and parameter 
tuning and will extend the proposed control method to other 
types of SMA controllers. 
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