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Abstract—The current paper provides unique smooth control
methods for constructing resilient nonlinear autopilot systems
and cooperative control protocols for single and multi-missile
systems. To develop the single autopilots, a high-order
framework based on asymptotic output stability principles and
local relative degree for nonlinear affine systems is first applied.
Then, using asymptotic exponential functions and graph theory,
free-chattering distributed protocols are constructed to allow
multi-missile systems to track and intercept high-risk targets.
The Lyapunov approach is used to derive the essential
requirements for smooth asymptotic consensus. The proposed
method minimizes computing load while enhancing accuracy.
The simulation results indicate the efficacy of the recommended
strategies.
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. INTRODUCTION

To adhere to the intended trajectory, a modern tactical
missile (TM) autopilot system must be able to stabilize the
rotational dynamics of the missile and accurately monitor the
sequence of acceleration commands issued by the navigation
and guidance system. However, constructing a missile's
autopilot is a difficult challenge due to the unpredictability in
aerodynamic derivatives.

Early missile autopilots were built using traditional
methods, notably linearized dynamic models within a gain
scheduling control  approach. Using linear  design
methodologies within a gain scheduling framework, on the
other hand, frequently resulted in suboptimal control where no
stability or performance certificate could be given by the
closed-loop system constituted of the nonlinear plant and
planned controller. Several nonlinear control strategies have
been developed to reduce the needed gain scheduling.

A nonlinear pitch-axis autopilot involving scheduling
linear H,, control design under constant operating conditions
and bounded scheduling variables was first discussed in [1]. In
the work presented in [2], gain-scheduling and gap metric
techniques were used to design a robust missile pitch-axis
autopilot for an air-to-air missile. The connection between the
loop-shaping theory and the gap metric technique was used to
compute the operating points, and proportional-
integral/proportional-type controllers were designed. The
problem of the missile’s autopilot design in the presence of
hidden coupling terms was tackled in [3] using gain-
scheduling control. The study introduced a self-scheduling
method for preserving the local properties of the nonlinear
gain-scheduled controller, which allows for consideration of

the hidden coupling terms during the design process. The
nonlinear pitch dynamics of a tail-controlled, extremely agile
missile were addressed in [4] by designing a gain-scheduled 4-
loop autopilot. The requirements for an autopilot's design were
methodically converted into hard and soft tuning objectives,
and the resulting multi-model/multi-objective issue was then
addressed with the help of a nonsmoothed optimization
process.

Many design schemes have recently been developed to
provide stringent performance requirements and ensure
robustness across different flight conditions. The Linear
Parameter Varying (LPV) approach was recently used
conjointly with linear fractional transformation (LFT) in [5] to
design specified structure autopilots that ensure robustness to
a large class of uncertainty. The proposed LPV/LFT algorithm
could handle slope-restricted nonlinearities and rate-bounded
time-varying parameters using a nonsmooth optimization
technique and using polytopic LPV weights within the four-
block loop-shaping Heo loop shaping theory, the authors, in
[6], designed an output feedback controller to provide a
missile longitudinal autopilot with robust Hoo performance. To
accommodate the seeker field-of-view constraint while
maintaining the system's resilience, an integrated missile
guidance and control method was developed in [7] by
appending the integral barrier Lyapunov function to dynamic
surface control. As uncertain disturbances of the system, the
authors treated target maneuvering and unmodeled
disturbances with the influence of the disturbance rejection
rate error. They employed an extended state observer for real-
time estimates.

The study in [8] offered a sliding mode control (SMC)
architecture for precision missile operation inside a nonlinear
finite-time control framework, as opposed to the
asymptotically convergent control framework. The study's
most significant contribution was analysing the influence of
boundary layer thickness on missile system reactions, with the
assumption that reducing boundary layer thickness will
improve the control performance of the SMC autopilot
system.

On the other hand, as the multilayered missile defense
system has been refined and target maneuverability has
increased, the challenge of penetrating a target with a single
traditional missile has increased in recent years. In such a
case, cooperative guiding is recommended as a viable
countermeasure to boost missile penetrability. To improve the
lethality of multiple missiles, cooperative guiding laws must
also meet time and space restrictions, in addition to attaining a
minimal or even zero miss distance. Many recent studies [9-
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14] have concentrated on the topic of distributed cooperative
guidance of multi-missile systems.

In this study, we first suggested a new high-order SMC-
based technique for developing the guidance law, which
serves as the foundation for estimating the ideal flying AOA
and normal acceleration trajectories. The goal of this
technique is to look at the use of finite-time control for the
longitudinal dynamics of a tactical missile, with the needed
information acting as the control command. We propose a
smooth control-based design of distributed consensus
protocols for multi-missile system guiding in the second half.
Free-chattering distributed protocols are constructed using
asymptotic exponential functions and graph theory. The
essential criteria for smooth asymptotic tracking are derived
using the Lyapunov method.

Il. MISSILE DYNAMICS AND CONTROL OBJECTIVES

A TC system is a type of guided missile designed for use
in combat situations with a relatively limited range, typically
within the theatre of operations or on the battlefield. These
missiles are designed to execute pinpoint attacks against
hostile installations, vehicles, aircraft, and ships. Fig. 1 shows
a typical TM model.

Fig. 1. Missile pitch-axis motion.

The Reichert's missile model [1], a hypothetical fin-
controlled pitch-axis missile that serves as a standard in
studies of nonlinear controller design for supersonic and
hypersonic vehicles, is employed as the basis for the present
study.

The nonlinear dynamic model presented below governs the
missile’s motion in the planar space.

M = K,M?|Cp, — C,(a, M)sina | — v%siny (1)

. 9
a=K,MC,(a, M)co . Vhaald +q 2

N

q= KmMZCm(a: M) (3)

y =—-K,MC,(a, M)cosa —

gM cosy 4

N

where:
e Mis the Mach number.
e  isthe angle-of-attack (AOA) (rad).
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e g is the pitch rate (rad/s).
e v is the flight path angle (rad).

The nonlinear coefficients C, and C,, characterize the
missile aerodynamics model’s and are given as time-varying
parameters.

C, = a,a® + blala +c,(2 - M/3)a +d,5 (5)
Cn = @ma® + bylala + ¢, (=7 + SM/3) +enq+dnd (6)

Considering the above four flight parameters as system’s
states and the fin deflection (6) as control input, model (1)-(4)
becomes.

x=f(x) + g(®u

y = h(x) @
with
x=[Maqyl (8)
h=nM,a) €)]
u=94 (10)
where the missile’s normal acceleration 5 is given by
n = K,M*vsC,(a,M) (11)

and f(x) eR*, g(x)eR* and h(x) =n€R are
uncertain bounded functions. f(x),g(x) and h(x) are
uncertain due the uncertainty of the aerodynamics coefficients
given in (5) and (6). The expended form of the model (7) is
given below:

filx) = —gsinxg, - I(fo[CD0 -
Us (12)
(a,x3 + b lxyx, + ¢, (2 — x1/3)x2)]sinx2

£(x) =+ g cosxs + X, K, % [a,x3 + by |x,|x,
VsX1 (13)

+c,(2 - x1/3)x2] cOSX,

g
fs(x) = —K,x [azxz3 + b,lx;|x; ———cosxs
UsXy (14)

+(2 - x1/3)x2] cosx,

£ = K lamd + bbb, (=7 = %9/5) %] (15)
9() = [0 0 0 Kyxid,,]" (16)

h(x) = K, x, [azxz3 + bz|x2|x2
+CZ(2 - x1/3)x2]

Achieving the intended mission in a short time while
accounting for external disturbances and model uncertainties
is the goal of the present control design. The performance
objectives for the closed-loop system encompass the
achievement of finite-time closed-loop convergence, fast
response to substantial manoeuvres, the system's ability to
withstand and adapt to plant uncertainties and disturbances.

(17)
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1l. HIGH-ORDER SLIDING MODE CONTROL TO MISSILE
AUTOPILOT DESIGN
A. Lie Derivatives for Nonlinear Affine Control

Consider a vector field f(x) € R™ defined on open
operating domain D € R™ and a smooth map m € RP. For any
x € m, The Lie derivatives, along the trajectory f(x), for the
map m are given as follows:

d
LymG) = m(e/ )| (18)

where, ¢>if (x) denotes the flow vector of f(x) at time t.
Using the chain rule, one can write

Lim(x) = mM(0)f (x) (19)

with m® = dm/dx being the Jacobian matrix of m.
Therefore, the r-derivative of m is given as

{ Fm(x) = mT D f (x)

Lym(x) = m(x)

(20)

According to the Lie derivatives properties, for a further
vector g, expression (20) becomes

oLrm(x)
oy 9™ (21)
B. Sliding Mode Control Design

Consider the following tracking error to be the actual
output of a multi-output system with € R? .

e() =y —va (22)

where, y, denotes the desired values of y. The system

equilibrium point is located on the manifold e;1(0)) =
{x] e;(x) = 0}).

Definition 1. The derivative degree r in equation (20)

extends, for the case (22), to the vector r = [ry 7, ... rp]Tfor

which expression (20) and (21), for a given initial condition
Xy, become

LgLrm(x) =

LyLfe;(x) =0

L 0<k<r-21<i<p (23)
9°f

e;(xg) #0

Following is the calculation of the derivatives in (23) that
appear in sequence.

L [ S 32 i) |
Lf|e;(x) = Lf L" le, (x) ! (24)
Lo | 21,22 0,00) |

Lemma 1 [xx]. If and only if the following holds for any
subset of the domain of the output e;, then the relative degree
r; is well-defined there.

LgL;i_lei(xo) =1 (25)
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where T is a constant.

Lemma 2 [xx]. For each e; with r; > 1, a stable motion
towards zero can be obtained for the sequence

(el,e.(l), el.(z),...,ei(r"_l)) by designing the following sliding
manifold that satisfies o;7*(0) = {x| g;(x) = 0}
o;(x) = L;"_lel-(x) + Ari_zL;"_zei(x) + oo
+A1Lrei(x) + Age;(x) .

(26)

2, ...,0) define design parameters.

Lemma 3 [xx]: The following equation has a single local
solution, denoted by the affine control u(x)

[La;(0)] = [Ljrfei(x) +

— (27)

Ari_zL;‘ 1el-(x) + - +/10Lfei(x)] =0

Remark 1: If a relative degree r; is defined for each output

y; with respect to a control input u, then the smallest relative

degree p > 1 is considered as the relative degree of the whole
system (i.e., p = min(r;),and p > 1).

Remark 2: A well-defined relative degree guarantees the
applicability of such a controller over the working range,
while the smallest relative degree simplifies the design task
and gives a practical controller. The outer-loop sliding mode
controller's primary characteristic is shown in the following
block diagram.

C. AOA Autopilot

6x2_d

With e, =a—a; =x, —x,4 and % == the Lie
derivatives (24) are computed as follows
e1(x) e, (x)
Lglex(x)| = LgLfI 0 l = 03,4 (28)
e3(x) e3(x)
9f1 (x)
lel(x)‘ 0x,
LyL% e, () [ = g(0)| 1 (29)
es;(x) afs(x)
dx,

Considering property (25), the AOA's relative degree is
1, = 2. This proves that there exists a well-defined output-
input assignment Vx € O(x,). According to the value of r,,
the sliding manifold (26) becomes

6x2

cr(x)—aezf +Ae; =22 f +A(x; —xzq)  (30)

Applying Lemma 3, the fin deflection that ensure o(x) =
0 is derived as follows:

5(x) = (ﬁ) _ (u(x) + Ksat (“(x)/g)) 31)

where the saturation function is implemented using a
boundary layer € s
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%/ if 197¢l <1
sgn(@/g) if 1%/¢] > 1

In this design, the gain K is provided to correct model
uncertainties, unmodeled dynamics, and measurement noises,
the coefficient sets the bandwidth of the error dynamics, and
the layer ¢ is introduced to dampen the babbling.

sat(?/e) = | (32)

D. Normal Acceleration Autopilot

The rate of the missile's acceleration is one of the primary
variables managed by an autopilot system. Commonly
symbolized by the letter "g" normal acceleration quantifies the
gravitational pull experienced by the airframe in flight. Using
normal acceleration autopilot to deflect the fins allows
controlling a measured variable, which avoids the use of an
estimator for a. To do so, we compute the inverse
transformation of Eq. (11).

[2b2 — a,c,(2 — M/3) 5
K3M2c§(2 - M/3)5
b,
3 Inn (33)

K2c3(2 - M/3)
1

+
K,M?c,(2 - M/3) !

From (33), the time derivative of 7 is given as follows

a(n,M) = K,M?*| -

i=(5) e, + a0, - 22 s, 3

The sliding manifold and its corresponding control input
are given as follows

o) =21f + A0 =) -
A ORPE

V. DISTRIBUTED MISSILE AUTOPILOT DESIGN

In the context of a fixed topology, we present, in this
section, the design of distributed consensus protocols u; to
allow a multi-missile system, composed of m agents, to track
an AOA or normal acceleration commands to ensure a
successful interception of high-risk targets. To do so, a
consensus tracking error is defined as follows:

ei = Yoo ai;(x:(t) — x;()) (36)

where, a;; denote the elements of the the adjacent matrix
A and x; € R™ denotes the individual missiles state vector.

Definition 2: Based on the consensus (36), we define, for
each agent ‘i’ (e.g., individual missile) the following
inequality.

i (edllz < lliCedlls < NllYi(edllo < Nk (37)

with N = nm and x € R*
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Definition 3: According to the communication graph G of
the multi-missile system, we define a matrix M such that
M =L+ 7D, with L=D — A being the Laplacian matrix
associated with G, D, = diag(a;y), and D =diag(d; =
Z7=1 aij)-

Definition 4: The missiles’ dynamics are bounded
fiCxdllz < pllxillz, fiCG) = iz < vllx =yl (38)
with p,y € R*.

Theorem 1: Based on the properties of the matrix M, If the
fixed-time undirected graph G is connected and at least one
a;o > 0, the leader-follower consensus (36) is asymptotically
guaranteed by the following distributed consensus control.

— ko (e;) (39)

u; = —klei

where, k;, k, are the consensus gains satisfying.
k max (M )
mm ( M )

\/>~<g (|v| ® 1y ) Ko A[Amax (M

s mln(M)NK

\/?3('\/' ® 1y ) Ko /Amax (M)

(M)NK‘

(1+ dy)

mln

(40)
with A,,;,,(M) > 0,k > 0, and ¢, is the settling time.
Proof:

For each agent 'i’, let us consider a tracking error denoted
as X; = x; — xo. By employing the distributed consensus
protocol (38), the multi-agent closed-loop system is written as
follows:

X = fi(x) — fo(xo) — kq X7y a;; (% — %) — ko (&) (41)

where, & =Y, al-j(fl- - fj). For the muti-agent system,
we write

¥=F(& %) —k;(M Q Iy)% — k,¥ (&) (42)
with

¥ =[x],.. %",
F&x0) = [(G) ~ o) () = fox))']
Y@ = [Yi (&), .., Yn(ED]"

where, f,(x,) denotes the vector field of the leader
dynamics and x, denotes its state vector. To demonstrate the
effectiveness of the proposed control algorithm, we consider
the following Lyapunov function candidate.

V=-%T(MQ Iy)% (43)
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for which,
V= ~T(M ® IN)[F(frxo) — k(M & Iy)x — k, P (€)] (44)
with A,,;, (M) > 0, one can get
TMQ IVF((X, %)) = FT((f' %)) (M ® )X
< e (M) IZ]15
(M@ Iy)*% Ay (M) 1%113
(45)
It results,

V < _kl/gnin(M)”fllg - p)lmax(M)”f“%
+ Amin DI @I NIZl,
(46)

Suppose that there exist k € R* for which
li(edllz < lli(edlly < Ny (e)lle < Nk (47)
It results that condition (46) is achieved if and only if

S S ﬂ’max(M ) o
N ] ENLUT R,

Ky A (M) N2V

L el 0,20

Koo (M) (@), 1, ~ 0 =
(48)

where, d, is the maximum value of an eventual
disturbance (d, = 0 for undisturbed system). With k; >

p 2max 5 il satisfy

Ain (M)’
. ko A(M)V2V, ko A(M)V2V,
V < — min _ min 49
T VA maxl¥ @l T VAM) maxNI¥(@)lleo (49)
It follows,
ky A(M)”q’(é)”ocmin
< [y, =220 2/lomin
\/7_ VO vz AM)maxt
[ZF (M@ 1) %oV AT max
s = k2 A(M)
2 (lln)l:;m (50)
by 2Pz —
min
- ,/»a? (MRIN)Zor A max
2=t AM) i (1+do)
V. RESULTS AND DISCUSSION
First scenario: A quick, high-maneuver normal

acceleration tracking scenario is used to assess the
performance and reliability of the normal acceleration
autopilot for a single missile airframe. As it can be seen in
Fig. 2, the commanded acceleration and initial Mach number
were chosen at their extremes. The results show that the
proposed technique is effective for controlling such complex
system.
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Second scenario: In this section, first, the tracking of an
AOA sequence using the state feedback-based autopilot is
performed by a multi-missile composed of six agents. The
AOA sequence is introduced as step commands given at
different initial AOA oy =[-5 0 20 —-7.5 5 —=20]"
and M = 3. The communication topology is shown in Fig. 3
and the time-history of the tracking mission is shown in Fig. 4.

o
= Commanded
—Achieved

40

Normal accel.(g)
o

-20

1 2 3 4 5 6 7
Time (sec)

a)

(3]

Tail defl. (deg)
o

'
(3]

_10 L .l
0 1 2 3 4 5 6 7 8
Time (sec)
b)

Fig. 2. Single missile response to a normal acceleration pattern: a) Normal

acceleration, b) Tail deflection.
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Fig. 3. Fixed-time switching topology connected interaction graph.
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Fig. 4. Time history of multi-missile system response: a) AOA, b) Normal
acceleration, C) Fin deflection.

VI. CONCLUSION

In this study, we first designed two robust longitudinal
autopilot topologies for a tail-controlled tactical missile. The
two autopilots were created with high-order sliding mode
control and a thorough nonlinear dynamic model. Second, we
looked at the distributed control-based cooperative guiding
problem for a multi-missile system intercepting a high-risk
target. Asymptotic exponential functions and graph theory
were used to create free-chattering distributed protocols. The
Lyapunov technique was used to determine the necessary
requirements for smooth asymptotic tracking. The simulation
findings show that there is reduced computing load and more
precision. Future study will focus on various features of multi-
missile systems for practical implementations, such as the
distinct overload and impact angle limits of each missile,
communication delays, and robustness consensus.
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