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Abstract—This paper focuses on two aspects of satellite 

formation flying (SFF) control: finite-time attitude 

synchronization and stabilization under undirected time-varying 

communication topology and synchronization without angular 

velocity measurements. First, a distributed nonlinear control law 

ensures rapid convergence and robust disturbance attenuation. 

To prove stability, a Lyapunov function involving an integrator 

term is utilized. Specifically, attitude synchronization and 

stabilization conditions are derived using graph theory, local 

finite-time convergence for homogeneous systems, and LaSalle's 

non-smooth invariance principle. Second, the requirements for 

angular velocity measurements are loosened using a distributed 

high-order sliding mode estimator. Despite the failure of inter-

satellite communication links, the homogeneous sliding mode 

observer precisely estimates the relative angular velocity and 

provides smooth control to prevent the actuators of the satellites 

from chattering. Simulations numerically demonstrate the 

efficacy of the proposed design scheme. 
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I. INTRODUCTION 

Distributed satellite systems (DSS) are an enabling 
technology for future distributed space missions since they are 
designed to interact as multi-agent systems for consensus 
tracking or formation keeping. DSS are deployed at different 
altitudes and in various configurations (e.g., formations, 
clusters, swarms, or cancellations) to accomplish distributed 
space missions like constellation [1], Earth observation [2], 
remote sensing [3], communication services [4], and 
meteorology and environmental tasks [5]. 

Satellite formation flying (SFF) is an attractive concept of 
DSS flying in prescribed orbits at a fixed separation distance 
for a given period. This concept enables flexible, reliable, and 
low-cost space missions [6,7]. However, SFF control requires 
tight interactions between participating satellites. Relative 
motion determination is essential for formation keeping and 
on-orbit reconfiguration. Therefore, SFF systems must meet 
strict attitude synchronization and tracking requirements before 
deployment. 

The leader-follower-based attitude synchronization has 
received growing attention in recent years. Several 
synchronization protocols for SFF systems under fixed and 

switching communication topologies have been reported in the 
literature. Zhou et al. [8] proposed a finite-time control law that 
guaranteed the coordination of a spacecraft formation under a 
fixed communication graph. The control law integrated a 
sliding-mode-based observer, allowing individual satellites to 
estimate the desired angular velocity. Although the control 
scheme showed a fast convergence rate, the control torques 
exhibited chattering effects, which can harm the actuators. 
Zhao and Jia [9] used a non-singular terminal sliding mode to 
design a distributed adaptive attitude synchronization 
algorithm. The chattering of the controllers was avoided using 
a boundary layer approach. The control algorithm was 
validated using only a fixed communication graph, which can 
restrain its ability when switching communication topologies. 
The attitude synchronization problem for a distributed SFF was 
investigated by Wang et al. [10]. The authors designed a free-
reference attitude control algorithm under communication 
constraints, demonstrating an asymptotic convergence with an 
extensive settling time. Zhang et al. [11] discussed the 
application of integral sliding mode control to the problem of 
adaptive attitude tracking. The control input was smoothed via 
the boundary layer method but at the cost of settling time 
response. Zhang et al. [12] proposed a finite-time attitude 
synchronization and orbit-tracking control scheme that 
demonstrated robustness against node failures and torque 
disturbances. However, the simulations showed a slow 
convergence rate and high oscillation torques. Combining LQR 
and robust control approaches, Liu et al. [13] alleviated the 
effect of nonlinearities and parametric uncertainties on the 
performance of SFF attitude alignment. The control scheme 
was validated for a fixed communication topology presenting 
an asymptotic convergence. Liu et al. [14] designed an 
adaptive coordinated attitude synchronization control algorithm 
and a distributed observer for spacecraft formation over a 
switching network. Although simulations verified the 
performance of the proposed control scheme, the observer 
provided an asymptotic convergence to the leader reference 
attitude, which can degrade formation performance. Lu and Liu 
[15] further investigated attitude synchronization under 
switching topologies. The authors proposed a control scheme 
to guarantee attitude tracking under global and local failures of 
inter-satellite communication links (ISCLs). However, the 
consensus protocols showed an asymptotic convergence and 
required angular speed measurements. 
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Similarly, Zhang et al. [16] proposed a finite-time 
distributed attitude synchronization algorithm that requires the 
availability of the relative angular velocity for all the following 
satellites, which often leads to a heavy burden of ISCLs and 
time-consuming control. Zhang et al. [17] used the set theory 
to develop a new attitude of cooperative control for different 
SFF structures. Under fixed-time communication topology, the 
control design worked adequately for the leader-following and 
leaderless formation structures; however, neither dynamic 
communication graphs nor external disturbances were 
considered. Finally, Wei et al. [18] presented a comprehensive 
overview of the state-of-the-art communication satellite 
systems in their survey paper. The authors showed that recent 
publications have focused on designing synchronization 
techniques for SFF systems with node failures. They concluded 
that high-accuracy synchronization could be achieved using 
two-way ISCLs (i.e., undirected communication graphs) and 
precise observation techniques. 

This paper provides solutions to two open problems above 
finite-time attitude synchronization under ISCLs breaks and 
robust relative angular velocity estimation. The first problem is 
solved by designing a distributed attitude synchronization 
algorithm using a Lyapunov function that involves an 
integrator term enabling a fast convergence rate. In contrast to 
the finite-time synchronization schemes available in the 
literature, the proposed algorithm allows attitude 
synchronization with time-varying communication graphs. As 
for the second problem, a high-order sliding mode 
differentiator estimates the relative angular velocity, guarantees 
formation robustness, and avoids chattering effects. The 
distributed observer helps relax the communication topology 
requirements and reduce the ISCLs burden. Most of the 
existing velocity-free or observer-based protocols have a slow 
convergence rate, lack of robustness, or perform only for fixed-
time communication topology (e.g., [8,19-23]). 

The outline of this paper is given as follows. Section II 
presents the preliminaries of this work and describes 
quaternion-based satellite attitude dynamics. A distributed 
finite-time attitude synchronization controller and relative 
angular velocity estimator are designed in Section III. 
Numerical simulations are carried out in Section IV to 
demonstrate the effectiveness and robustness of the proposed 
control scheme. Finally, Section V concludes the work. 

II. PRELIMINARIES AND DYNAMIC MODELING 

A. Graph Theory and Preliminaries 

The leader-follower consensus approach is considered in 
this study to design distributed attitude synchronization and 
stabilization (ASS) protocols. The satellites are regarded as 
followers denoted by              and the leader (i.e., 
desired attitude) is represented by      . The ISCLs topology 
is modeled by a graph           where 
                 denotes the vertices set,       
represents the edge set, and                is the 

adjacent matrix corresponding to the graph  . If a follower-
satellite     is connected to the leader, then the connection 
weight is represented by       ; otherwise        The 

Laplacian matrix   (   )       associated to the graph   

is defined as 

      ,                 ∑        
    (1) 

where    {              }  represents the 

neighborhood set of a node     

Lemma 1 [24]: If the matrix   is associated with a 
connected undirected graph  , then its spectrum is given as 

         is a simple eigenvalue of   with a 
corresponding eigenvector    [     ] 

 .  

 All nonzero eigenvalues                 have 
positive real parts. 

                . 

Lemma 2 [24]: According to the extension theorem, the 
following condition holds for any integral function   

‖∫       
 

 
‖

 
      ‖    ‖     (2) 

Definition 1: Let      be a fixed, measurable function 
with          ‖ ‖         and define an integral 

operator        ∫        
 

. Then  

‖  ‖   ‖ ‖ 
    (3) 

where   is a compact with kernel   and HS denotes 
Hilbert Schmidt norm. 

B. Satellite Attitude Kinematics and Dynamics 

Let  ̅   [         ]
     and       denote an i

th
 

satellite's orientation and angular velocity within an SFF 
orbiting in an inertial frame. The nonlinear attitude kinematics 
and dynamics models are given by 

 ̇̅    
 

 
     ̅   

   ̇                    
    (4) 

with            is defined as  

      [

        

        

        

          

] 

  ,   ,    denote the inertia tensor, torque vector, and 
external disturbances vector, respectively. Using the matrix 
                 

  the model (4) can be rewritten as 
follows 

 ̇            

 ̇     
 

 
  

     

   ̇                 

   (5) 

where   
  is the skew-symmetric cross-product matrix and 

     denotes a three-dimensional identity matrix. The satellites' 
angular velocities and external disturbances in the model (5) 
are bounded, as shown in assumptions 1 and 2 [11]. 
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Assumption 1: ‖  ‖    and ‖ ̇ ‖    with       . 

Assumption 2: There exist          such that ‖  ‖  
  ‖  ‖      

The control objective here is to design consensus protocols 
(control torques   ) such that the attitude synchronization of 
SFF orbiting with time-varying interaction topologies is 

achieved in a finite time. Thus,     
       there exists a 

synchronization time    for which 

{
       

‖     ‖   

       
‖     ‖   

   (6) 

where    and    denote the desired orientations and 
angular velocities. 

III. SYNCHRONIZATION CONTROL LAW DESIGN 

A. SFF Attitude Synchronization under Undirected Time-

Varying Interaction Topology 

Consider the case of a SFF where at least one follower 
satellite is connected to the virtual leader. The following finite-
time distributed torque law is considered for attitude 
synchronization of the i

th
 satellite I the SFF 

      
                  

   {[∑    (     )              ]  

[∑    (     )              ]}

  (7) 

with      is a control parameter. 

Theorem 1: Consider a satellite formation flying under an 
undirected time-varying communication graph and suppose 
that the dynamics described in Eq. (5) are undisturbed and 
satisfy assumption 1. The control law (7) guarantees the finite-
time convergence of the formation satellites' states to the 
desired attitude and achieves the formation consensus (6) if 
there exists a positive-definite symmetric matrix    and a 
control gain   satisfying the following conditions. 

{
                

  
 

       
     

  (8) 

Proof - Define the absolute quaternion and angular velocity 
tracking errors as follows 

{
      

          
         

   (9) 

Let    [   
       

 ] ,    [   
       

 ] ,   
    {       } , and        {       } . Using the 
control law (7), the extension, to   satellites, of the undisturbed 
form of the torque equation in the model (5) gives 

  ̇                           (10) 

where   denotes the Kronecker product and     denotes the  
      identity matrix. 

To reach the consensus (6) in finite time, consider the 
following candidate Lyapunov function with an integrator term 

  
 

 
*        ∫          

 

 
+
 

       

      *        ∫          
 

 
+

 (11) 

For simplicity, we define a matrix  ̅        . Using 
Eq. (10), the time derivative of the function (11), along with 
system (5), can be written as 

 ̇  [   ̅               ]
  ̅ 

*        ∫          
 

 
+

          
  ̅  ̅           

        
  ̅            

         
  ̅  ̅ ∫          

 

 
  

        
  ̅ ∫          

 

 
    

   (12) 

Since   is symmetric, then  ̅  ̅   ̅ . With 

      ̅
       

   ̅      
     and       ̅

   
    
   ̅      

    , expression (12) can be bounded as 
follows 

 ̇   (     ( 
 )         ) ‖     ‖ 

       

 (     ( 
 )         ) ‖       

 ‖ ‖       
 ‖ 

                     ‖     ‖ 
    

                    ‖       ‖ ‖       ‖   

 (13) 

Thus if            , then 

 ̇                      ‖     ‖ 
      (14) 

It follows that  ̇   . To prove that   will decrease to zero 

in finite time,  ̇ will also satisfy 

 ̇                      ‖       ‖ ‖       ‖   (15) 

According to lemma 2, with the use of equation (11), the 
function   satisfies 

  
       

 
  ‖        ∫          

  
 

‖
 

 

              

 
       

 
  (‖       ‖ 

  ‖∫          
  
 

‖
 

 

)

   
       

 
   ‖       ‖ 

    
 ‖       ‖ 

          

 
  
        

 
  ‖       ‖ 

 ‖       ‖ 
                

(16) 

where    denotes the settling time. It results from Eq. (15) 
and (16) that 

 ̇          (
       

       
  ) √ √ 

√         
    √     (17) 

which implies that for   
√ 

√  
√       (

       

       
 

 )   ,        as     . 

Finally, the settling time    is computed from the 
integration of Eq. (17) as follows 

√     √      
   

 
      (18) 
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Using equation (11) at    , the settling time    is given as 

   
√ (           )

 
      (           )

√       (
       

       
  )

 (19) 

Thus,       and      in finite time for     . 

End of proof. 

B. Attitude Synchronization with High-Order Sliding Mode 

Estimator 

In this subsection, a distributed angular velocity observer is 
introduced to reduce the number of ISCLs and guarantee the 
robustness of the SFF against loss of communication. First, a 
finite-time high-order sliding mode differentiator is designed to 
provide follower satellites with an accurate estimate of the 
desired angular velocity  ̂ . To do so, we define the following 
non-empty sliding mode function. 

        
    

     
     (20) 

where       denotes a sliding mode manifold for satellite 
   . The sliding surface    is defined by an integral sliding mode 
function as 

        ∫        
 

 
      (21) 

with 

     ∑ [   (     )            ]    (22) 

Lemma 1 [25]: Consider a continuous function      with 

the time-derivative         has a Lipschitz constant     (i.e., 

         ), where   is the relative degree of     . The 
following high-order sliding mode differentiator produces 
accurate estimations of      and its successive time derivatives 

                    in finite time 

{
  
 

  
  ̇                

   

    

 ̇                
   

       
 

  ̇                      
 

     

 ̇               (       )  

 (23) 

where              denote the differentiator states and 
   define the differentiator parameters. With     , the 

differentiator (23) guarantees that     ̂  and      ̂ 
   

    
         converge in finite time. 

With              where           denotes satellite     
and           denotes motion direction,  ̂       and  

 ̂   
   

   
   

             converge in finite time. We note 

that   ̂   
   

 are the successive time-derivatives of the 

estimate  ̂   
   

.  

Second, under the results above, the control law (7) is 
redesigned as follows 

      
          [ ̂  ∑   

   
 ̂ 

      
     

 {[∑    (     )              ]

 [∑    ( ̂   ̂ )         ̂     ]}]

    (24) 

where   
   

 denotes the k
th
 time-derivative of the matrix 

   used in (5). 

Theorem 2: Consider system (5) with      and a sliding 
function of the form (21). If there exists a constant   0, then 

the protocols (24) guarantee that       (     )    and 

      (     )                 , where   is the 

synchronization time. 

Proof: Let            be the differentiation error, then 
system (23) can be written as  

{
  
 

  
  ̇           

 
 

           

 ̇           
 

 

           
 

  ̇                 
 

 

      

 ̇              
          

  (25) 

The error dynamics (25) can be set in the following pseudo 
linear system form  

 ̇              (26) 
with 

  [                 ]
 ,     b [            ]  

  

[
 
 
 
 
 
        

 
 
         

       
 

 
         

     

         
 
 
       

         
       ]

 
 
 
 
 
 

 

One can easily find that the determinant of matrix   is 
given as 

                     
   ∏  ̅ 

 
     (27) 

and its characteristic polynomial as 

                ∑                  
    (28) 

where   denotes an eigenvalue of   and       denotes the 
trace of the k

th
 exterior power of  . Equation (28) gives 

               
 

 

            
 

 

                  
  (29) 

The polynomial (29) is stable if its coefficients satisfy the 
following Schur condition 

        
 

 

        
 

 

              
     (30) 

To fulfill condition (30), the differentiator coefficients 
   are computed using the following tuning recursive scheme 

{
                     

         
       

              (31) 
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where      is a tuning parameter. According to the 
scheme (31), for any     and Lipschitz constant      , 
    such that     . Consequently, condition (30) is 
guaranteed, and matrix   is stable. 

End of proof. 

IV. SIMULATION 

In this section, numerical simulations are performed to 
confirm the above theoretical results and prove the 
performance and effectiveness of the proposed control scheme. 
The distributed torque laws (7) and (24) and the observer (23) 
were applied to a four-satellite formation that runs under an 
undirected switching communication topology shows in Fig. 1. 
Table I gives the moments of inertia and the initial conditions 
of the four satellites. 

TABLE I. PARAMETERS OF THE SATELLITES 

Sat. Initial attitude/angular 

velocity (rad/s) 

Moment of inertia  
(kg.m2) 

1    = [0.5916,0.6,-0.5,-0.2] 
  =[0.02,-0.01,-0.02]         

   diag[10.15,10.20,9.85] 

2    = [0.7874,0.5,-0.3,-0.2] 
  =[0.03,-0.01,-0.01]   

   diag[12.1,10.90,10.50] 

3    =[0.6245,0.3,-0.6,-0.4] 
  =[0.02,0.00,-0.03]   

   diag[9.55,12.30,10.20] 

4    =[0.6403,0.5,-0.3,-0.5] 
  =[-0.01,0.02,-0.03]   

   diag[10.50,11.20,10.20] 

First, the satellites are required to align their attitudes to the 
desired  ̅            and            . The distributed 
torque law (7) is applied with        and the simulation is 
run under the communication topology shown in Fig. 1 for a 60 
s with a dwell time       . Fig. 2 and 3 depict the 
quaternions and angular velocities tracking errors, and Fig. 4 
shows the required control torques. 

 
Fig. 1. Switching interaction topology among a four-satellite formation. 

 

 

Fig. 2. Quaternions tracking errors. 

 

 

Fig. 3. Angular velocity tracking errors. 

 

 

Fig. 4. Control efforts (torques). 
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The results above indicate that the four satellites can align 
their attitude to the specified one while effectively maintaining 
the consensus (6) despite the ISCLs' failures. Next, the case of 
attitude synchronization without angular velocity measurement 
is considered. In this scenario, the efficiency of the redesigned 
torque law (24) with a third-order observer (23) is verified. An 
external disturbance of 
      [                                 ]  is introduced to 
the system (5). The simulation is run with              , 
under the leaderless communication topology shown in Fig. 5. 

Fig. 6 shows the relative attitude       
     where   

  

denotes the cross-product matrix associated with the quaternion 
vector   . The relative angular velocity errors           

are depicted in Fig. 7. 

 

Fig. 5. Switching interaction topology among a four-satellite formation with 
loss of the leader. 

 

 

Fig. 6. Relative satellite-to-satellite attitude errors. 

 

 

 

Fig. 7. Relative satellite-to-satellite angular speed errors. 

For a fair comparison, attitude synchronization paths for 
satellites using second and third-order sliding mode observers 
are shown in Fig. 8. 

 
a) 

 
b) 

Fig. 8. Attitude synchronization paths with a) second-order observer, b) 

third-order observer. 
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Using both static and dynamic communication topologies 
with and without velocity measurements, the results of the 
present research demonstrated the feasibility and effectiveness 
of the proposed finite-time attitude synchronization for satellite 
formation systems. the results showed that instead of using the 
actual measured angular velocities, the  designed observer with 
a finite-time high-order sliding-mode generated high-precision 
estimates. The observer was implemented to lessen the load on 
the inter-satellite communication lines and guarantee the 
formation's resilience in the face of link failures.  In addition, 
the performance of the augmented control law (24) is shown to 
be satisfactory by comparing Fig. 2 and 3 and Fig. 6 and 7. 
This is the case despite the fact that estimations of relative 
angular velocities are utilized, as well as the fact that external 
disturbances are implemented. In addition, it can be shown 
from Fig. 8 that raising the order of the observer can result in 
an increase in the precision of the attitude synchronization. 

V. CONCLUSION 

This paper has investigated the finite-time attitude 
synchronization for satellite formation systems under switching 
communication topologies with and without velocity 
measurements. First, Lyapunov-based distributed torque laws 
were designed to provide a coordinated synchronization of the 
states of following satellites with the desired attitudes and 
angular speeds. The distributed protocols were developed using 
graph theory, local finite-time convergence for homogeneous 
systems, and non-smooth LaSalle's invariance principle. Then, 
a finite-time high-order sliding-mode observer was designed to 
provide relative angular velocity estimates instead of the 
measured ones. The distributed observer is introduced to 
reduce the inter-satellite communication links burden and 
ensure formation robustness against their breaks. Future works 
will focus on solving some critical inter-satellite transmission 
problems such as signal overriding, signal interferences, and 
communication delays. 
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