(IJACSA) International Journal of Advanced Computer Science and Applications,

Vol. 2, No. 11, 2011

A New Test Method on the Convergence and
Divergence for Infinite Integral

Guocheng Li
Linyi University at Feixian
Feixian, Shandong, P.R.China

Abstract—The way to distinguish convergence or divergence of
an infinite integral on non-negative continuous function is the
important and difficult question in the mathematical teaching all
the time. Using the comparison of integrands to judge some
exceptional infinite integrals are hard or even useless. In this
paper, we establish the exponential integrating factor of negative
function, and present a new method to test based on its
exponential integrating factor. These conclusions are convenient
and valid additions of the previously known results.
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l. INTRODUCTION

The convergence and divergence of infinite integral plays a
significant role in mathematical analysis, and has been
received much attention of many researchers. Many effective
methods have been proposed such as Ordinary Comparison
Test, Limiting Test, Dirichlet Test and Abel Test [1]. The basic
ideas of these methods are to find another comparison infinite
integral that its convergence or divergence is certain. But it is
difficult or impossible to find the comparison infinite. So these
arouse great interest of many scholars to research ([2-3]).

It is well-known that the convergence and divergence of
infinite integral for the different integrand which its limit is
zero is different. Base on the geometric meaning of infinite
integral, it equal to the size of the area which is surrounded by
the integrand (image) and X axis (not closed). The
Convergence and divergence mainly determined by the
proximity degree of integrand tends to the x-axis. In this paper,
we discuss the test method for the convergence and divergence

+00
f (x)dx

of infinite integral L (x) where f(x) is the
nonnegative continuous function which is defined in the
interval [, +0),2>0 Although we have solved part of
the problem by In f(x)/Inx lin[3], it can't intuitive
describe the proximity degree of integrand tends to the x-axis,
so the exponential integrating factor of negative function is
created and we obtain a new test method for the convergence
and divergence of infinite integral. This method is more simple
and feasible than ever before.

Il.  CHARACTERIZATIONS ON CONVERGENCE OF INFINITE
INTEGRAL
Definition 2.1 Assume that f(X) is non-negative
differentiable function, we call the formula

R(X)=—f (x)/ f(x) is the function of the exponential
integrating factor of f (X), abbreviated as factor function.

From definition 2.1, we suppose the function
X
f(x)=f(x,)exp —I R(t)dt , X, > ais completely
X

determined by its factor function R(X) . When the

independent variable tend to be infinite, we can use the size of
factor function to compare the different functions reduce speed

of which tend to the x-axis. For lim f(x)=0 is the

X—>+00

necessary condition of convergence for infinite integrals

J.m f (X)dx ([1]), so we can easy to push that R(X) >0 is

+00
the necessary conditions of convergence for I f(x)dx.
a

f(X)

If im——==c>0,we have f(x) and g(X) are
x—>+oog(x) ( ) ( )

equivalent. We denoted by f ~' g .The nature of the

equivalent functions is incredibly similar, so what about the
infinite integration convergence of the equivalent integrand?
We have the following conclusion.

Theorem 2.1 Assume that Non-negative differentiable
functions f(X) and g(X) are equivalent, then its
convergence and divergence is incredibly similar.

[[tod tx

Proof: Bylim=2———=Ilim——==c¢>0,
X—>00 J'a g(t)dt X—>o0 g(x)
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There exist constant m, M > O such that

m< f(x)/g(x) <M, V¥x > a. Obviously, we have
mj':o g(x)dx < J:OO f(x)dx <M J.:O g(x)dx;

% [t oodx< [ g(x)ox s% [ £ 0odx

From the definition of convergence of the infinite integrals,
the desired result follows.

Theorem 2.2 Assume that f(X), g(X) are non-
negative differentiable functions in interval [a,+o0) and

f (x)/ g(x) is finally monotone decreasing, then

(i) 3%, VX > X5, R (X) > R, (X) .

(i) If rwg(x)dx is convergent, then rw f(x)dx is

convergent, Ifrm g(x)dx is divergent, then rw f(x)dx is
a a
divergent.

Proof:
(i) X, VX > X,

(f(X))- _ 90 f () -F(Xg(x) _

9(x) 9°(x)
1

W[Rg(x)_Rf ()]<0

< R; (%) > R, (X).
(i) IM >0,|etﬂ£ M, then

9(x)

J.M f(X)dx <M J.M g(x)dx . Using Ordinary Comparison
a a
Test, we obtain this conclusion.

Assume that we know the convergence and divergence of
an infinite integral, we can obtain the convergence and
divergence of other infinite integrals by comparing the size of
the exponential factor. But it's complex. In fact, it can be

derived alone by the exponential factor R(X) of integrand.

Theorem 2.3 Assume that f(X) is non-negative

differentiable function in [@,+o0),

(i) If lim XR(x) >1, then J.m f (x)dx is convergent,
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(i) If lim XR(x) <1, then rw f (x)dx is divergent.
X—>+0 a

ﬂZﬁ’ then

Proof: (i) Wk >0, we have
f(x) X

—In f(x) >In(cx"™*), c>0.

1
That is T (X)<=x """ je, According to the Ordinary
C

Comparison Test, _[ +OO f (x)dx is convergent.
a
1 »1
(i) Let g(x) ==, then I —dx is divergent, for
X a X

1
R(X) <==R,(X), from Theorem 22, we have that
X

J.M f (x)dx is divergent.

Combining [3], we have that rw f (x)dx is possible
a

convergent or divergent if lim XR(x) =1 from some
X—>+0

possible examples. In fact, we can continue to study
convergence as follow:

Theorem 2.4 Assume that f(X) is non-negative
differentiable function in interval [a, +o0) and

lim xR(x) =1.

X—>+00

() 1 lim InX[XR(x)~1] >1 , then j:”f(x)dx is
convergent,

(i) 1 1im InX[XR(x) 1] <1, then J:wf(x)dx is
divergent.

Proof: (i) We can obtain that R(X) is monotone-non-
increasing function, for all Yk > 0O, we have

f (X) < ¢, exp{-xR(x)} <
C, exp{—(1+ ﬂ)} <
In x

1+k C,
G &P~ Inx | x*

From Ordinary Comparison Test we can obtain that

j f (X)dX < +o0

a
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1+Inx
Let R(X)< , we have that
xIn x

(il)Method1:

—In f(¥) <In(xInx),ie f(x)= L ,byj L ax
xInx" < xInx

is divergent, combining Ordinary Comparison test, we can

obtain that J. Tt (x)dx is divergent.
a

Method2: Using the condition, we obtain that

R(x)s1+|nX=Rg(x),
xIn x

0

1 1
Where g(x) = ,and.[ dx is divergent.
xInx - xInx

+o0
From theorem2.2, we have thatJ. f (x)dx is divergent too.
a

Using the conclusions above, we can easily think of the
following examples.

o 1
Example 1: Discuss the convergence ofj ————adx.

2 xPIn%x
Solution: For its exponential integrating factor

+cgx°
R(X) — _& ,
X
. pinx+q _
We easy to know that lim X———=p ,using
X—>+00 xIn x

theorem 2.3, we have that the integration is convergent if
p>1, and is divergent if p<1; when p=1, we easy to
know X[R(X) —1] =q, using theorem 2.4, we get that the
integration is convergent when  >1 ; the integration is
divergent whenq <1.

Example2: Discuss the convergence of
L xP exp(gx°®)dx
Solution: For its exponential integrating factor is

R(x) = - P
X

We easy to know that lim xR(x) = p +cgx‘], using
X—>+00
theorm2.3, we have Lw xP exp(gx©)dx is convergence if

lim p+cgx® <—1,ie. c<0orq=0,p<-lor

X—>+0

c>0, g<0
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IIl.  CONSTRUCTING CONVERGENT INFINITE INTEGRAL AND
POSSIBLE APPROACH

From Theorem 2.4, we can obtain that the convergence and
+00
divergence of _[ f (x)dx is determined by the exponential
a

integrating factor of  f (X) .

Suppose that J:wf(x)dx and J:wf(x)g(x)dx are

convergent, we give the following conditions of the non-
negative function g(X) .

Using the exponential integrating factor of

ie. Ry, (X)=R;(X)+R,(x),

fF(x)a(x).

it lim (R, () +R, (x)]) > 1, then

+00
I f (X)g(x)dx is convergent. In fact, we can construct
a

some convergent infinite integral for some specific needs.

Theorem 3.1 Assume that J.m f (x)dx is convergent, if
a

the non-negative function g(X) is monotonous and bounded,

then J.M f (X)g(x)dx is convergent.

Proof: Combining the conditions and theorem 2.4, we
know that lim In X[XxR(x)—1] >1 .1f g(x) is decreasing
X—>+0

and lower bounded,
Then R, (X)>0 and Ry (X) =R;(X)+R,(X) hold.
Obviously, lim (x[R, (x) —1]) >1;1f g(X) is increasing

and upper bounded, then IXRg(t)dt is convergent, i.e.
a

XILTOO xIn xR, (x) =0, such that
lim In X[XR, (X) —1] = lim InX[xR, (x) —1] >1.

From all above, we can obtain that rw f (X)g(x)dx is
a
convergent.
Theorem 3.2 Suppose _[ Tt (X)dx is convergent where
a

f (X) is continuous and nonnegative in [a,+c0) .

()fA <ooand a < A—1, then Jm x“ f (x)dx is convergent.
a

(ihIf A =00,V € R, then Jm x“ f (x)dxis convergent,
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|n[jX[R(t)—1]dt+1]
(ii)lf A =coand B < lim —— - t :
X—>+00 X

Then J.: exp {xﬁ }f (X)dx is convergent, where
A= liminf xR(x),

X—>+0

. a . .
Proof: (i) For R(X)—— s the factor function of
X

X*f(X),if a<A-1, then lim xR(X) —a >1,ie.
lim x[R(x) - Z]>1,
X—>+00 X

Using theorem 2.3, we get r x“ f (x)dx is convergent.
a
(ii) Easy to get by (i).
1
(iiii) From condition X” < IlX[R(t) _E]dt +1,ie.

jlx APt < LX[R(t) —%]dt ,

_ 1
We have Sx” <R(X)—=, from exp{x/’} f(x), we
X
obtain its factor function R(X)— £x”™, using theorm2.3, we
get lim X[R(x) — Sx”™]>1. Base on L'Hospital rule, we
X—>+00

have
XR(x) -1

LX[R(t)—i]dHi

£ < lim

X—>+00

Thus, we have thatJ.weXp {xﬁ}f (x)dx is convergent.
a
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IV. CONCLUSIONS AND PROSPECT

In this paper, we get a new test method for the convergence
and divergence of infinite integral, as everyone knows, defect
1
integral can be changed into infinite integral by~ t so we can
expands our method on the defect integral.

We can almost judge the convergence of the infinite
integrals by the conclusions refer to in Section 2. So we
discuss some questions of infinite integral by the properties of
the convergent infinite integral. In fact, the most important
application in Section 3 is to construct plenty of distributions
in the probability field especially in the Risk Theory. The
claim distribution is vital for both the insured and the insurance
company [4-7], constructing suitable distributions is beneficial
to need for the insured or development of the insurance
companies. This is a topic for future research.
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