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Abstract—In this paper, we present an algorithm for solving
the structured variational inequality problem, and prove the
global convergence of the new method without carrying out any
line search technique, and the global R-convergence rate are also
given under the suitable conditions.
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l. INTRODUCTION

Leting mappings f : X - R",g:Y —R", the structured
variational inequality problem with linear constraint is to find
vector u” e Q such that

uU-u)'TU)=20ueQ (1.1)

X f(x)

where u = ,T(u) = ,Q={(x,y)|xe X, yeY, Ax+
y a(y)

By =b}, X = R",Y < R" are given nonempty closed convex

sets, f,g are given continuous monotone operators,

AeR™ BeR" beR". We denote the solution set of the

VI by Q, and assume that it is nonempty throughout this
paper.

By attaching a Lagrange multiplier vector 1 e R" to the
linear constraints Ax+By=b ,(1.1)can be equivalently
transformed into the following compact form, denoted by VI:

Find w W such that

(w=w)" QW) >0,weW (1.2)

X f(X)+A 1
wherew=|y [,Qw) =] g(y)+B"2 |, W=XxYxR', and
z Ax+by—-Db

the solution set of (1.2) is denoted by W™ which is always
assumed to be nonempty.

This problem has important applications in many fields,
such as network economics, traffic assignment, game theoretic
problems, etc. For example, Nagurney et al. ([1]) developed
a variational inequality based supply chain network
equilibrium model consisting of three tiers of decision-
makers in the network. They established some governing
equilibrium conditions based on the optimality conditions of

the decision-makers along with the market equilibrium
conditions. In recent years, many methods have been proposed
to solve the VI ([2-8]). The alternating direction method
(ADM) is a powerful method for solving the structured
problem (1.2), since it decompose the original problems into a
series subproblesm with lower scale, which was originally
proposed by Gabay and Mercier ([5]) and Gabay ( [6]) . Ye
and Yuan [7] proposed a new descent method for VI by adding
an additional projection step to the above ADM. Han ([8])
proposed a modified alternating direction method for
variational inequalities with linear constraints. At each
iteration, the method only makes an orthogonal projection to
simple set and some function evaluations. Motivated by [7, 8],
we present a new algorithm for the structured variational
inequality problem, and prove the global convergence of the
new method without carrying out any line search technique.
Furthermore, we also show that this method is global R — linear
convergent under the suitable conditions.

Some notations used in this paper are in order. The vectors
considered in this paper are all taken in Euclidean space
equipped with the standard inner product, which is denoted by

R". We let|] and|[], respectively denote the usual Euclidean
2-norm and 1-norm of vectors inR". The transpose of matrix
M (vector X ) be denoted by M™ (x").

Il.  PRELIMINARIES

In this section, we first give the following definition of
projection operator and some relate properties ([9]). For
nonempty closed convex set Q< R" and any vector xeR",
the orthogonal projection of X onto Q2 is denoted by P, (x) .

Lemma 2.1 For any ueR",veQ, then (P,(u)—u,v—
P,(u))>0.

For (1.2), >0 isconstant,

e(w, f) =w—FR,[w-5Q(w)]

e(w,f)) (x-PIx=A(f(x)+A )]
=l e,(w,B) |=| y=RLy-A(g(y)+B' )]
e, (w, f) P(Ax + By —b)
is called projection-type residual function, and let

r(@)=|e(w)|. The following conclusion provides the
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relationship between the solution set of (1.2) and that of
projection-type residual function ([10]).

Lemma 2.2 @ is a solution of (1.2) if and only if
r(w)=0.

To establish theoretical analysis of the following algorithm,
we also need the following definition.

Definition 2.1 The mapping f:R" —R" is said to be co-
coercive with modulus >0 is

(F)= (), x=yy=ul f(x)— F(YIF, vx,yeR"

Definition 2.2 The mapping f:R"—>R™ is said to be
strongly monotone if there is constant x>0 such that

(F)—f(y),x—y)>pul x—yIP, ¥x,yeR"

Obviously, suppose that f is strongly monotone with
positive constant &, and is Lipschitz continuous with positive
constant L>o . Then the f is co-coercive, i.e., for any
X,y €R", we have

CF) = F(y), x—y) =zl x—yIP =%(LH x — yl)2

(2.1)
z%ll f(x)— f (y)I2.

1. ALGORITHM AND CONVERGENCE
In this following, we formally state our algorithm.

Algorithm 3.1

Stepl. Take ¢>0, 0< B <2min E\/’t\/z , Where
P 4 {f I
the positive constants t4, 44, u,are defined in the following
Theorem 3.1, and take initial point x° e R". Set k =0;

Step2. Compute

P X — B(f (x¥) + AT2N)]
@ =Ry [0 - AQ(@)]=| RIy* - Ag(y*) +BTA") |;
A~ B(AXK + By* D)
(3.1)

Step3. If I o~ akll<e stop, otherwise, go to Step 2
with K=K+1.

Remark The algorithm is based on problem (1.2).

Obviously, if @' = @* , combining Lemma 2.2, then o* is a
solution of (1.2), and so is also (1.1). In the following
theoretical analysis, we assume that Algorithm 3.1 generates an
infinite sequence.

Lemma 3.1 Suppose that the matrix M is positive semi-
definite, and 4, #0 isamaximum eigenvalue of M , we have
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0 0 A
y'My > 1/ g, ) MylP(vy eR'), where M=| 0 0 B |
A B 0

Proof: Since the matrix M is positive semi-definite, then
there exists an orthogonal matrix P such that

PMP" =diag(o;,0,,+0;,0,---,0), where o =g, >-+>0,>0.
Set £ =Py, then

y" My =y’ P diag(oy,0,," **,05,0-+,0)Py

2 (1/ /umax)(o-lzgl2 +O'22§22 +"'+O's,2‘§s2)
= (1/ ,umax)y' P’ diag(o-f,ozz,---,o-f,O---,O)Py
=1/ e )l MylP.
Theorem 3.1 Suppose that f,g are co-coercive with

positive constants z4, 4, , respectively, and the matrix M is
positive semi-definite.

Then the sequence {&*} converges globally to a solution
of (1.1).

Proof: By Lemma 2.1, we have

(") +[** - ], 00— &y 20,V eW.
(3.2)

We take o €W, then

(BQ(0). - )=0,VweW. 3.3)

Let w=w"in (3.2), take w=*"* in (3.3), adding these two
inequalities yields

0<(AIQ(@") - Q@ )]+ 0" - 0", 0" - &)
= <.B[Q(0)k)—Q(a)*)],a)* _wk+1> +<wk+1 _wk’w* _a)k+1>
=(-AlQ(0") - Q(@)], 0" — @ + " = ) +

k+1 k+1>

(w A
= (-AlQ(®") - Q(@)].0" - ) ~(BIQ(»") - Q)] 0" — ")
+<a)k+1_a)k,w* _a)k+1>
(FO) = TN+ A (2 =) (X =
=-p| (a(y")-g(y ) +B' (A - 1)
A =x)+B(Y -y
~(BlQ(e") - Q(e)], 0" - ") + (0" - 0", 0" — &™)
=—AI(F () = £ (¢ =x) +(a(y) - g(y ) (v ~ ¥
—BIS =2 AR =X )+ (=X ) AT (A =2+ (A =2 BY - Y)
+Hy -y BT (A - 2]
—(AlQ(&") - Q)] 0" - &) + (0" — &, 0" — ™)
A2 -2) ’
B' (2 -1) J ]

A =xX)+B(Y -y)

y -y
A4

<=ALull 1) = 1O+ wll (") -9 + {

~(AR(") - Q)] 0" - ) +(0"" - 0", 0" ~ &)
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<=l () = F OO + 21 9(y") = 9V I + [ =x) + By -y ]
~(BIQ(@") - Q(e)], 0" Kok, 0 - oY)

< —/3[ ) = F OO+ 1 g(y") = g+, T AKX = X7) + B(Y' - y‘)H]2
~(BIQ(e") - Qe )], 0" -

<-pB %H HCOERICO!N +%H a(y") - a(y)l, + %H AX = x)+ By -yl
n m r

—(AlQ(") -Q(a)], 0"
[ F¢) = 1x)
9(y)-9(y)
i (AX* +By* —b) - (AX" + By —b) A

- ") +(w

a)k>+(a)k‘lfa)k,w‘fa)k‘l)

_wk>+<a)k+1_a)k’w*_a)k+l>

2

K+1 K+1

+{" - 0" 0" - ")
F(x) - F(x) ’
<-Pu a(y")-a(y) —(BlQ(0") - Q(@)], 0" - &)
| (Axk+Byk—b)—(Ax“+By*—b)
+ <wk+1 _ k+1

<-pul|(@ @) QW\H AR Q0 ~ o)

k+1 k+1

)
)
+{w " — ")
]
)

ﬁuUQ(a) )= Q@] + A1 Q") - QI Il & - o
+<wk+17(0 w a)k”
<~ pu|Q(e*) - Q@) + |Q(e*) - Q) + Hw — P
+H{* - 0" 0" - ")
P Y [P
4u 2 2 2

k+1”2

L8 e o=t o — e+ L o - o,
2°2u 2 2

where the second inequality follows from the fact that f,g are
co-coercive with positive constants g,z and Lemma 3.1; the

fourth inequality is obtained by
a’+b?+c?2<(a+b+c)> (a=0b=>0,c>0),

the fifth inequality and the seventh inequality follow from
the fact that

¥ <[, =<

and the sixth inequality is true by letting x=min

{\/\E\E\/\%} the ninth inequality follows from the

Cauchy-Schwarz inequality. Thus, we have

(%—1) | & —*IP-I| & — P+ " —*IP 20.

Combining this with O < < 2u, we have

2u- 2u-
I ot —akp <25 a)*—a)kllz—u—uﬁH " — P

(3.4)

~(AlQ(e") - Q@) " - ")
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r(a)k)st“T‘ﬂn a)*-a)knz_Z“T‘ﬂn @ — YR,
(3.5)

by (3.4), we conclude that the nonnegative sequence
{l & =’} is strictly decreasing and convergent. Thus, we
have r(x*) converges to 0 by (3.5). We also obtain that the

C

sequence {l o* -1l is bounded since it is convergent, and so
Kk 3 3

is{o'} | Let 10"} pe a subsequence of o i and converges to

®  since "(@) js continuous, we have (@ =0 je @ jsa

solution of (1.1).

On the other hand, we suppose that @ is also a
k K;
accumulation point ofl® }, and let 1@ '} pe a subsequence of
k .
1@} and converges to®? . For any ) , there exists ! such that

k<K by (3.4), we obtain that || o —aif <|l & @ —0 as

k o . Using (3.4) again, we can also obtain|l & —a*|—0.
Thus, we have

~ R N ki ~ ki 3
lo—all <l @ — ol @ - ol @9 —@“Il->0 as k >,

i.e., @=w. Thus, the sequence {&*} converges globally to
a solution of (1.1).

To establish the R-— linear convergence rate of
Algorithm3.1, we also need the following conclusion which is
crucial to convergence rate of algorithm.

Lemma 3.2 Suppose that f,g are strongly monotone with
positive constants x,ux , and are Lipschitz continuous with

;
positive constants L >0,L >0, respectively, the matrix[;}

has full-column rank. Then for any w e R™™", there exists a

solution " of (1.1) such that

Il @— @'l < maxgu,u;’ ’1};{1+,BL}r(a)) (3.6)

Proof: Since w—e(w)=R,[w— AQ(w)]eW, by (1.1),

Llo—e(@)—o ) Q(w’) =0. (3.7)
Combining »" eW”with Lemma 2.1, we have

—Ry[o— BQ(®)], R, [o— fQ(w)] - [w— BQ(x)]) = 0.
(3.8)

Substituting R, [o— AQ(w)] in (3.8) by w—e(w) yields
(0~ —e(0)) [e(w) — ()] > 0.
Adding (3.7) and (3.9), one has

[(0-") —e(@)]'[e(e) + BQ(x) ~Q@))] 20,

3.9)
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ie,
(0-@) plQ(@") - Q)]+ e(0) [(0- ") - Q") —Q(w))]
—e(w) e(w) >0.
Combining this with Definition 2.2, a direct computation yields

I -l =[x=x|+|y-y | +[2-2]°

< max{u., U, v HOE ) - £ O (x=X) + (g(n) - gy N (Y- Y)
Ho-o") M(w—)]

(FOO-FON+A (A=) (x-x
=max{u,*,u,", v} (9(y) - g(y))+B'(A-1")
A(x=x)+B(y-y)

(FO)+ AT ) - (FO)+A )Y (x=x
=max{u;*,u;", v, H (9(y) +B"2) - (g(y)+B™A) | | y-y
(Ax+By—b)—(AX"+By -b)| (A-1

=max{u,",u,",v; H(e - ") (Q(@) - Q)]
< max{u;*,u;", vy l}%{e(x)T [(@-)+BQ(e) - Q)] - &(e) (@)}

< max{u;®, uz’l,v;l}%{\\ (@)l 0—o'll+ AIQ) - Q)}
< max{ul’l,uz’l,vgl}%r(w){\\ o-ll+ AUl o- 'l

T\\*! ’
where V31:((A’B)[§TD (A,B)| . Thus, we can conclude that

(3.6) holds.

Theorem 3.2 Suppose that the hypotheses of Lemma 3.2
holds, and g satisfies the condition

2u-p B
1 - 0,
Y max{u;?,uyt va L+ ALY -

then the sequence {®*} converges to a solution of (1.1) R—
linearly.

Proof: Combining (3.5) with (3.6), one has

ﬂZ
max{u; L, uyt v {1+ ALY

2
ot -]

*

_ 2 oy_ .
<r(@*)? suHa)k —o -8 o - k.
2u 2u

i.e.,

Vol. 4, No. 3, 2013

2

. 2u-— 2 .
o - <| 228 — /31 5 > Hwk—a)
2u max{u;*,u’, v, ¥+ pLY

172

2u-p B
Byl> -
y 20 max{utut v R+ LY
result follows.

> 0, then the desired

IVV.  CONCLUSIONS

In this paper, we proposed a new iterative method for
solving the structured variational inequality problem (VI), and
have proved its global convergence without carrying out any
line search technique. Furthermore, the error bound estimation
for VI is also established under the suitable conditions, based
on this, we prove that the method has global R-linear
convergence rate. Surely, under milder conditions, we may
established global error bounds for VI, and may use the error
bound estimation to establish quick convergence rate of the
method for solving the V1. This is a topic for future research.
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