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Abstract—In this paper, we introduce the Navier-Stokes 

equations with a new boundary condition. In this context, we 

show the existence and uniqueness of the solution of the weak 

formulation associated with the proposed problem. To solve this 

latter, we use the discretization by mixed finite element method. 

In addition, two types of a posteriori error indicator are 

introduced and are shown to give global error estimates that are 

equivalent to the true error. In order to evaluate the performance 

of the method, the numerical results are compared with some 

previously published works and with others coming from 
commercial code like ADINA system. 
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I. INTRODUCTION 

This paper describes a numerical solutions of Navier-stoks 
equations with a new boundary condition generalizes the will 
known basis conditions, especially the Dirichlet and the 
Neumann conditions. So, we prove that the weak formulation 
of the proposed modelling has an unique solution. To calculate 
this latter, we use the discretization by mixed finite element 
method. Moreover, we propose two types of a posteriori error 
indicator which are shown to give global error estimates that 
are equivalent to the true error. To compare our solution with 
the some previously ones, as ADINA system, some numerical 
results are shown. This method is structured as a standalone 
package for studying discretization algorithms for PDEs and 
for exploring and developing algorithms in numerical linear 
and nonlinear algebra for solving the associated discrete 
systems. It can also be used as a pedagogical tool for studying 
these issues, or more elementary ones such as the properties of 
Krylov subspace iterative methods [15].  

The latter two PDEs constitute the basis for computational 
modeling of the flow of an incompressible Newtonian fluid. 
For the equations, we offer a choice of two-dimensional 
domains on which the problem can be posed, along with 
boundary conditions and other aspects of the problem, and a 
choice of finite element discretizations on a quadrilateral 
element mesh.  

Whereas the discrete Navier-Stokes equations require a 
method such as the generalized minimum residual method 
(GMRES), which is designed for non symmetric systems [15]. 

The key for fast solution lies in the choice of effective 
preconditioning strategies. The package offers a range of 
options, including algebraic methods such as incomplete LU 
factorizations, as well as more sophisticated and state-of-the-
art multigrid methods designed to take advantage of the 
structure of the discrete linearized Navier-Stokes equations. In 
addition, there is a choice of iterative strategies, Picard 
iteration or Newton’s method, for solving the nonlinear 
algebraic systems arising from the latter problem. 

 A posteriori error analysis in problems related to fluid 
dynamics is a subject that has received a lot of attention during 
the last decades. In the conforming case there are several ways 
to define error estimators by using the residual equation. in 
particular, for the Stokes problem, M. Ainsworth, J. Oden 
[10], C.Carstensen, S.A. Funken [12], D.Kay, D.Silvester [13] 
and R.Verfurth  [14], introduced several error estimators and 
provided that that they are equivalent to the energy norm of 
the errors. Other works for the stationary Navier-Stokes 
problem have been introduced in [5, 8, 15, 16].                                                                                                                                                                                                                                

The plan of the paper is as follows.  Section II presents the 
model problem used in this paper. The weak formulation is 
presented in section III. In section IV, we show the existence 
and uniqueness of the solution.  

The discretization by mixed finite elements is described in 
section V. Section VI introduced two types of a posteriori 
error bounds of the computed solution. Numerical experiments 
carried out within the framework of this publication and their 

comparisons with other results are shown in Section VII. 

II. GOVERNING EQUATIONS 

We will consider the model of viscous incompressible flow 

in an idealized, bounded, connected domain in .
2
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The vector field u


 is the velocity of the flow and the scalar 
variable p represents the pressure.  

Our mathematical model is the Navier-stoks system with a 

new boundary condition (3) noted .,, cbaC  where 0  a 

given constant is called the kinematic viscosity,  is the 

gradient, .   is the divergence and 
2

  is the Laplacien 
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III. THE WEAK FORMULATION 
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The standard weak formulation of the Navier-Stokes flow 

problem (1) - (2)-(3) is the following: 
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The underlying weak formulation (11) may be restated as: 
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IV. THE EXISTENCE AND UNIQUENESS OF THE SOLUTION 

In this section we will study the existence and uniqueness 
of the solution of problem (18), for that we need the following 
results. 
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This result allows us to prove that ). ),(( 
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existence and uniqueness of the solution.  

Theorem 4.2.
spaceHilbert  real a is  ). ),(( 

,

1

0, 


JnH
.

 Proof. ). ),((
,1

1


H is a real space and )(

1

0, nH is 

closed in )(
1
H and  .

,1 
and  .

,J
are equivalent 

norms, then ). ),((
,

1

0, 


JnH is a real Hilbert space for two 

norms. 

Theorem 4.3 

          )1                     



,,

),( 
JJ

vuvuA


                 (23)                                                

  )()(,  1
0,

1
0,  nn HHvuallfor


    




,

1

0,  .  norm for the  elliptic- )( is   2) 
JnHA and 

 ),(
2

J,
 vvvA


                          (24) 

).(    
1

0,  nHvallfor


. 

Proof:   it is easy. 
 

Theorem 4.4  

  1)                   ,
2

,
,,0 


J

vqqvB



                      (25)                 

   )()(,  allfor  
2

0

1

0,  LHqv n

     

2) The bilinear form b is satisfies the inf-sup: There exists a 

constant  0  such that 

)(    
 

),(
sup 

2

0,0

,
)(

1
0,







Lqallforq
v

qvB

J
Hv n







     (26) 

Proof. 

1)  Let   ),()(, 
2

0

1

0,  LHqv n

  we have  

 

                                      

.
2

            

2             

 ., 

,,0

,0,0

,0,0













J
vq

vq

vqqvB









 

),(Let   2)
2

0 Lq we have  

), [6] (see '
 

),(
sup  

,0

,1
)(

1
0






 q
v

qvB

Hv





  

           

 

.'                       

 

),(
sup                        

 

),(
sup

 

),(
sup

)( allfor   and 

 )(     0 /)( )( 

 since

,0

,1
)(

,1
)(

,1
)(

1

0,1,1

1

0,

11

0

1
0

1
0

1
0,
























q

v

qvB

v

qvB

v

qvB

Hvvv

HinvHvH

Hv

HvHv

n

n























 

Using (19) gives 

.
c

'
 with ,

 

),(
sup 

2
,0

,
)(

1
0,


 






q
v

qvB

J
Hv n





  

Theorem 4.5 
  1) There exists a constant such that 0m   

  (27)                               ,,
,,, 


JJJ

zvumzvuC


 
  1

0,

1

0,

1

0,,,  nnn HHHzvuallfor 


. 

    (28)                                                   ,,,,)2 vzuCzvuC




       .,,  1
0,

1
0,

1
0, nnn VVVzvuallfor 


 

  3)         (29)                                                           0,, uuvC


 

  .,  1
0,

1
0, nn VVvuallfor 


 

4)         (30)                                        ,,, 
2

J,
 vvvAvvwD
  

imply  ) (as )(in   weakly  )5 0,  mVuu nm

  

(31)                                    ),,(),,(that  vuuDvuuD mm


  

Proof   

 have  we),( ,,zLet   1)  
1

0,  nHvu


 

 

                

'
                      

[6])in   (see ',,     

,,,3

1

,1,1,1









JJJ
zvu

c

m

zvumzvuC





 have  we),( ,,zLet   2)
1

0,  nVvu
  

   













).(.                                    

)...(,,,,

 

vuz

uvvuzuvzCvuzC



  

By Green formula, we have 
 

   

    .,,,,finally   

,0   and 0.  then )(  Since

 )..( ).)(.(,,,,  

0,

 

uvzCvuzC

zdivnzVz

vuzdivvunzuvzCvuzC

n











  

 

3) It’s easy, just take (28).in   uv


   

4) It’ suffices to apply (29). 

5) The same proof of V.Girault and P.A. Raviart in [6] page 

115. 
According the theorems 1.2 and 1.4, chapter IV in [6], the 

results (18)-(30) ensure the existence at least one pair

   )()(,  2
0

1
0,  LHpu n


satisfies (18). 

  We define 

 






,,,
,,  

,,
sup 

1
0, JJJ

Hzvu zvu

zvuC
N

n







                   (32)               

     
  

.
sup 

,0, 









J
Vv v

vf
f

n








                    (33)

 
Then a well-know (sufficient) condition for uniqueness is 

that forcing function is small in the sense that  
1

 
N

f 



 (it 

suffices to apply theorems 1.3 and 1.4 chapter IV in [6]). 

  



(IJACSA) International Journal of Advanced Computer Science and Applications, 
Vol. 4, No.3, 2013 

148 | P a g e  
www.ijacsa.thesai.org 
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finite dimensional System: 

 :such that  and   1 h
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For all . and 1 h

hhh MqXu 


                

Here, )( hk vR


 and )( hk qr   are the non linear residuals 

associated with the discrete formulations (36). To define the 
corresponding linear algebra problem, we use a set of vector-

valued basis functions  
unii ,...,1




So that 


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              .  ; 
 (38) 

We introduce a set of pressure basis functions   
pnkk ,...,1

  

and set  

. ;
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
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Where un and pn are the numbers of velocity and pressure 

basis functions, respectively. 

We find that the discrete formulation (37) can be expressed as 

a system of linear equations  

.
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The system is referred to as the discrete Newton problem.  

The matrix 0 A  is the vector Laplacian matrix and 0 B  is the 

divergence matrix 

(41)          : ; ][ ,,0 
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AaaA
T

ijijiji   


       . ; ][ ,,0   jkjkjk bbB 


                          (42)
                            

 

The vector-convection matrix N and the Newton derivative 

matrix W are given by 

    ).(  ; ][       ,,   jihjiji unnN 


                (43)

 ).(  ; ][          ,,   jhijiji uwwW 
                    (44)   

For .,...,1 and ,...,1; pu nknji     

The right-hand side vectors in (40) are    

  ,. ; ][          iiii gffff 


  
                          (45) 

for  ,,...,1 uni    

For Picard iteration, we give the discrete problem 
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VI. A POSTERIORI ERROR ESTIMATOR 

In this section we propose two types of a posteriori error 
indicator, a residual error estimator and local Poisson problem 
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estimator, which are shown to give global error estimates that 
are equivalent to the true error. 

A. A Residual Error Estimator  

The bubble functions on the reference element 

)1,0()1,0(
~

T   are defined as follows:  
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)1(22
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,
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)1)(1(22
~

,
~

4

xyyb
TE

  

Here
T

b~ is the reference element bubble function, and

TEi

b ~
,

~ , 4:1i  are reference edge bubble functions. For any 

,hTT   the element bubble functions is 
TTT Fbb ~  and 

the element edge bubble function is ,~
,

~, TTETE Fbb
ii
 where 

TF  the affine map form T.  to
~
T  

For an interior edge
 ,hE  , Eb is defined piecewise, so 

that  2:1 ,,  ibb
ii TETE

 where    
21 TTE  .   

For a boundary edge
TEEh bb ,,  , E   , where T is the 

rectangle such that .E T   

With these bubble functions, ceruse et al ([3], lemma 4.1] 
established the following lemma. 

Lemma 6.1.   Let T be an arbitrary rectangle in and hT  

For any ),( and )(
00

EPvTPv kEkT 


 the following 

inequalities hold. 
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Where kc   and 
kC are tow constants which only depend 

on the element aspect ratio and the polynomial degrees 
0k  

and
1k . 

Here, 0k and 1k  are fixed and kc   and 
kC   can be 

associated with generic constants c and C In addition, 
Ev
  

which is only defined on the edge E also denotes its natural 
extension to the element T. 

  From the inequalities (50) and (51), we established the 

following lemma: 

Lemma 6.2.  Let T be a rectangle and ., hTE 
 

For any ),( 
0

EPv kE 


the following inequalities hold. 
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Proof.  Since 0


EEbv in the other three edges of rectangle 

T, it can be extended to the whole of Ω by setting  0
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EEbv    
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Using the inequalities (19), (50) and (51) gives 
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With D is the diameter of Ω and   .1 2

1
2

2  DCcC k  

We recall some quasi-interpolation estimates in the 
following lemma. 

Lemma 6.3. Clement interpolation estimate: Given

),(v 1 H


let 1

hX hv


be the quasi-interpolant of v


 defined 

by averaging as in [4].
 
For any ,hTT   
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and for all ,TE   
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We let  pu, 


 
denote the solution of (18) and let denote 

 hh pu , 


 
the solution of (36) with an approximation on a 

rectangular subdivision .hT  

Our aim is to estimate the velocity and the pressure errors 
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The element contribution ,,TR of the residual error estimator 

R is given by  
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and the components in (55) are given by 
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With the key contribution coming from the stress jump 
associated with an edge E adjoining elements T and S:   
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The global residual error estimator is given by: 
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functions: 
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With these two functions we have the following lemmas: 

Lemma 6.4. For any hTT   we have:        
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Lemma 6.5 
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We define the bilinear form  
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We have 

 

   

 

                                          ).,(                               

),( ),(),,(- )(                              

),();,(),,(- )(                            

    ),();,(-),();,(                            

  ),(),(),(),();,(   

quB

pvBvuAvuuCvL

qvpuGvuuCvL

qvpuGqvpuG

ppvBquuBvuuAqveG

h

hh

hh

hh

hhh





















 

   

               ).()(),( allfor     

       ),( ),( ),(                               

)(),,(  ,,,  ),();,(

2

0

1

0, 





LHqv

quBpvBvuA

vLvuuCvuuqveG

Then

n

hhh

hhh






        (61)      

)( and  )(  errors  that thefind We 2
0

1
0,  LHe n 


  

Satisfy the non-linear equation 

   

               ).()(),( allfor    

   ),(),(),(           

,,,  ),();,(

2

0

1

0, 













 
 

LHqv

qRvRvR

vuuqveG

n

TT TE

TTEETT

h

h








 (62)      

)()(),(pair  a define We 2
0

1
0,  LHn

   

 to be the Ritz projection of the modified residuals 

 

   

 ).()(),(      

                 ,,, ),();,(                               

  ,,,  ),(),(),(),(),(   

2

0

1

0, 





LHqvallfor

vuuqveG

vuuvBqeBveAqdvA

n

h

h











(63) 

 

 Lemma 6.7  
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Theorem 6.10.  For any mixed finite element 

approximation (not necessarily inf-sup stable) defined on 

rectangular grids hT , the residual estimator R  satisfies: 
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(IJACSA) International Journal of Advanced Computer Science and Applications, 
Vol. 4, No.3, 2013 

152 | P a g e  
www.ijacsa.thesai.org 




                        

 
1

                              

1
                            

                                   

                                  

 ),()  ,() ,(                            

 ) , ()  , (),(),(   

2

1

2

,0

2

1

2

,0

2

1

2

,02

2

1

2

,0

2

,0,0

,0,0,0,0



















































































 

  





 

hh

hh

h

h

TT TE
Eh

ETT TE
T

EE

TT
Th

TTT
T

TT

ETT

TT
Eh

T
E

TT
Th

T
T

TT TE

TTEhEThT

h

vv
h

Rh

vv
h

Rh

Rq

vvRvvR

qRvvRvvR

qdvvAqdvA












 

Using (52) and (53), then gives                                                   

 

  .    

 ),(),(

2

1

2

,0

2

,0

2

,0

2

2

1

2

,0

2

,































 








h

h

TT
E

ETE ETT
T

TT

TT
TTJ

RhRRh

qvCqdvA






 

Finally, using (65) gives: 

  





hTT
E

ETE ETT
T

TTTTJ
RhRRhC   

2

,0

2

,0

2

,0

2

,0,


  

According to theorem 6.8, we have   

  


 
hTT

E
ETE ETT

T
TTTTJ

RhRRhCe   
2

,0

2

,0

2

,0

2

,0,




 
This establishes the upper bound. 
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Also need to show that (70) holds for boundary edges. 
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 Using (58), (59) and (4), gives 



(IJACSA) International Journal of Advanced Computer Science and Applications, 
Vol. 4, No.3, 2013 

153 | P a g e  
www.ijacsa.thesai.org 

 

 

              

                

)(              

'                

)(              

,,,.                  

 . :)(.

,0,0,,0,

,0,0,,

,0,01,1,0,1

TE
T

TTJETTJ

TE
T

TTJETJ

TETTETT

T
EhET

T
E

T

E T
EEE

wRweC

wRweC

wewe

wuuTwR

wAewIewR



























 









Using (50) and (52) gives  

E
EE

T
T

E
EETTJE

EE

RhR

RheCwR

,0

2

1

,0

,0

2

1

2

1
2

,0

2

,1

                    

)(.










 
 

Using (69) gives 

                   

   )(.
,0

2

1

2

1
2

,0

2

, E
EETTJE

EE RheCwR
 

  (72)

 Using (49), then  

                    

gives (71), using and

,.
2

,0

2

,0

2

1

E
E

E

EE
E

EE RcbRwR




       

               

  )e C( 
2

,0

2

,

2

E0, TTJEE Rh 


                 (73)                        

Finally, combining (68), (69), (71) and (73) establishes the 

local lower bound. 
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Combining (78), (79) and (80), establishes the upper bound in 

the equivalence relation. 

For the lower, we need to use (65): 
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Combining these two inequalities with (82) immediately 
gives the lower bound in the equivalence relation. 

 
Consequence 6.12. For any mixed finite element 

approximation (not necessarily inf-sup stable) defined on 

rectangular grids hT , the residual estimator 
P  satisfies: 

PJ
Ce  

 ,0,

  

              
Note that the constant C in the local lower bound independent 
of the domain. 

VII. NUMERICAL SIMULATION 

In this section some numerical results of calculations with 
mixed finite element Method and ADINA system will be 
presented. Using our solver, we run the flow over an obstacle 
[15] with a number of different model parameters. 

Example: Flow over an obstacle. This is another classical 

problem. The domain is     and is associated with modelling 
flow in a rectangular channel with a square cylindrical 
obstruction. A Poiseuille profile is imposed on the Inflow 

boundary ),11  ;0(  yx and noflow (zero velocity) 

condition is imposed on the obstruction and the top and 
bottom walls.  A Neumann condition is applied at the outflow 
boundary which automatically sets the mean outflow pressure 

to zero.   a disconnected rectangular region 1) (-1,×8) (0,  

generated by deleting the square 1/4). (-1/4, ×9/4) (7/4,   

 

Fig.1. Equally distributed streamline plot associated with a 32×80 square 

grid
01 PQ  approximation and .

500
1  

 
Fig.2. uniform streamline plot computed with ADINA System, associated 

with a 32 × 80 square grid and 
.

500
1    

 
Fig.3. Velocity vectors solution by MFE with a 32 × 80 square grid and 

.
500

1  
 

 
Fig.4. The solution computed with ADINA system. The plots show the 

velocity vectors solution with a 32 × 80 square grid and .
500

1    

 The two solutions are therefore essentially identical. This 
is very good indication that my solver is implemented 
correctly. 

 
Fig.5. Pressure plot for the flow with a 32 × 80 square grid. 
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Fig.6. Estimated error 
TR,  associated with 32 × 80 square grid and

  01 PQ    approximation 

TABLE I.  
TABLE1. The local Poisson problem error estimator Flow over 

an obstacle with Reynolds number Re = 1000. 
  


 hu. estimated velocity divergence error.

 

 

 Grid            

 

    


,0
. hu  

          P  

8 × 20 5.892389e-001 3.210243e+001 

16 × 40 1.101191e-001 6.039434e+000 

32 × 80 3.707139e-002 2.802914e+000 

64 ×160            1.160002e-002 1.484983e+000 

 
TABLE II.  A residual error estimator for Flow over an obstacle with 

Reynolds number Re = 1000.  

Grid            R  

8 × 20           9 ,309704e+00 

16 × 40           1,727278e+000 

32 × 80            8,156479e -001 

64 × 160            4.261901e-001 

VIII. CONCLUSION 

We were interested in this work in the numeric solution for 
two dimensional partial differential equations modelling (or 
arising from) model steady incompressible fluid flow. It 
includes algorithms for discretization by mixed finite element 
methods and a posteriori error estimation of the computed 
solutions. Our results agree with Adina system. 

Numerical results are presented to see the performance of 
the method, and seem to be interesting by comparing them 
with other recent results. 
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