
(IJACSA) International Journal of Advanced Computer Science and Applications, 

Vol. 15, No. 8, 2024 

621 | P a g e  

www.ijacsa.thesai.org 

Efficient Parallel Algorithm for Extracting Fuzzy-Crisp 

Formal Concepts

Ebtesam Shemis1 , Arabi Keshk2, Ammar Mohammed3 , Gamal Elhady4 

Department of Computer Science-Faculty of Computers and Information, Menoufia University, Shebin El-Kom City, Egypt1, 2, 4 

Department of Computer Science-Faculty of Graduate Studies for Statistical Research, Cairo University, Giza, Egypt3 

 

 
Abstract—Fuzzy Formal Concept Analysis (FFCA) is a robust 

mathematical tool for analyzing data, particularly where 

uncertainty or fuzziness is inherent. FFCA is utilized across 

various domains, including data mining, information retrieval, 

and knowledge representation. However, fuzzy concepts 

extraction is a crucial yet computationally intensive task. This 

paper addresses the challenge of time efficiency in extracting 

single-sided fuzzy concepts from large datasets. A parallel 

algorithm is proposed to reduce computational time and optimize 

resource utilization, thus enabling the scalable analysis of 

expanding datasets. By computing fuzzy concepts across multiple 

threads in parallel, each thread processes an attribute 

independently to extract fuzzy concepts, which are then merged in 

the final step. The proposed algorithm extracts fuzzy-crisp 

concepts, which are more concise than other types of fuzzy 

concepts. Experiments were conducted to evaluate the 

performance of the proposed parallel algorithm against existing 

sequential methods. Experimental results demonstrate significant 

gains in computational efficiency, with the algorithm achieving an 

average time reduction of 68% compared to the attribute-based 

algorithm and up to 83%-time reduction compared to the fuzzy 

CbO algorithm across various types of datasets, including binary, 

quantitative, and fuzzy. 
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I. INTRODUCTION  

Formal Concept Analysis (FCA) is a mathematical 
framework that involves the systematic study of formal concepts 
and their interrelationships, providing a structured approach to 
analyzing complex data sets [1] [2]. Therefore, FCA has found 
diverse applications across various domains, including 
linguistics [3], information retrieval [4], bioinformatics [5], Text 
classification [36], and beyond [6][34]. Traditional FCA 
algorithms can process only binary datasets [15], namely formal 
context, to extract formal concepts, constituting logical clusters 
of related objects and attributes [7]. This framework is based on 
the principles of crisp set theory, which categorizes objects as 
either fully belonging to a set or completely outside of it, 
emphasizing clear boundaries in the conceptual space [35]. 
Besides, classical FCA algorithms use the crisp scaling method 
to handle quantitative or qualitative data (many-valued contexts 
MVC) [8]. As a result, the crisp boundary problem in crisp 
scaling introduces challenges in accurately defining the 
boundaries between sub-attributes, affecting the precision of the 
analysis [9].  

Fuzzy Formal Concept Analysis (FFCA) effectively 
addresses the limitations of handling many-valued and fuzzy 
contexts by managing ambiguity and uncertainty similarly to 
human cognition[10]. It represents data on a spectrum rather 
than in binary terms, allowing for nuanced and accurate analysis 
of large datasets. FFCA captures the complexity of real-world 
data, leading to more meaningful insights and clear, 
interpretable results. Its flexibility allows adaptation to various 
data mining tasks, making it ideal for applications like customer 
feedback analysis, where understanding human sentiment is 
essential. Additionally, FFCA's ability to represent imprecise 
data aligns with subjective user views, making it suitable for 
everyday data handling [11] [28]. For example, in the education 
domain, a university using FFCA to analyze student course 
evaluations can handle nuanced feedback such as "somewhat 
satisfied", "mostly satisfied," and "highly satisfied", rather than 
just "satisfactory" or "unsatisfactory." This deeper 
understanding of student opinions allows for more targeted 
improvements in teaching methods and course content, 
enhancing the overall educational experience. 

Extracting the entire set of fuzzy concepts from large 
datasets is a time-consuming task, recognized as a #P-complete 
problem [12]. However, if the relationship between object and 
attribute sets is sparse, even in large datasets, the complexity of 
this process can be reduced [11]. The generation time of 
classical formal concepts is often notably shorter than the 
extraction time of fuzzy concepts. This discrepancy arises due 
to the inherent complexity involved in computing fuzzy 
concepts, which typically requires additional computational 
resources and processing steps [13]. FCA primarily deals with 
crisp binary relations, leading to relatively faster computations, 
whereas FFCA involves handling fuzzy relations, which require 
more complex calculations to derive fuzzy concepts. Therefore, 
while FFCA handles different data types effectively, it requires 
extensive time than the traditional FCA that hinder its 
applicability across various domains. Addressing this research 
gap, the proposed algorithm significantly enhances the 
efficiency of generating fuzzy concepts by leveraging parallel 
processing techniques. 

The proposed algorithm differs from In-Close4b [32], bit-
close4 [30], and FPCbO [31] in its ability to effectively process 
a variety of data types. While these algorithms are limited to 
handling binary data, real-world applications typically involve 
heterogeneous datasets. In contrast, the proposed algorithm 
leverages fuzzy set theory, enabling it to process diverse data 
types, including crisp, vague, and quantitative. 
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FuzzyInClose4b algorithm [24] generates concepts where 
both the extent and intent are fuzzy, resulting in an excessive 
number of fuzzy concepts. This abundance hinders its practical 
application in data-intensive domains such as association rule 
extraction, semi-automatic ontology construction, and 
information retrieval [16]. Conversely, the proposed algorithm 
generates fuzzy concepts with fuzzy extents and crisp intents, 
reducing the number of extracted fuzzy concepts. Additionally, 
the proposed algorithm leverages parallel processing to 
significantly reduce execution time. These enhancements 
improve the algorithm's applicability and efficiency. 

Through this research, a time-efficient algorithm is proposed 
for extracting fuzzy concepts from large datasets utilizing 
parallel processing. The main contributions of this work are 
summarized as follows: 

1) The proposed algorithm utilizes fuzzy logic in extracting 

fuzzy-crisp concepts from various data types, unlike existing 

crisp algorithms such as In-Close4b [32], bit-close4 [30], and 

FPCbO [31], which only process binary data. 

2) The proposed algorithm generates more concise fuzzy 

concepts compared to FuzzyInClose4b [24], facilitating the 

practical application of FFCA in real-world scenarios. 

3) The proposed algorithm reduces the computational time 

of extracting fuzzy concepts by leveraging multithreading in 

processing multiple attributes simultaneously to extract fuzzy 

concepts in parallel, thereby enhancing efficiency and 

performance. Therefore, it utilizes the available resources for 

faster computation of fuzzy concepts. 

The remainder of this paper is organized as follows: Section 
II offers a comprehensive review of fundamental notions and 
definitions concerning formal concept analysis (FCA) and its 
fuzzy variant. Subsequently, Section 0 takes a closer look at the 
related algorithms employed in the derivation of formal 
concepts. Next, Section IV presents the proposed parallel 
algorithm for generating fuzzy formal concepts, clarifying its 
operation. Section V introduces a practical case that utilizes the 
proposed algorithm to see how well it performs in practical in 
comparison to other algorithms. Section VI evaluates the 
proposed algorithm across different types of data, presenting a 
comparative study with other related algorithms. This section 
highlights the superior performance of the proposed algorithm 
through detailed analysis. Lastly, Section TABLE IX.  provides 
a summary of the main findings, highlights the key 
contributions, and discusses avenues for future research and 
development. 

II. PRELIMINARIES 

This section provides an overview of the basic definitions 
and notions related to classical Formal Concept Analysis (FCA) 
and its fuzzy variant FFCA. Further definitions and foundations 
can be found in the references [14]  for FCA and [17], [18] for 
FFCA [17]. 

A. Classical Formal Concept Analysis 

Formal concept analysis primarily aims to identify 
groupings of entities and their associated attributes within a 
given dataset. Typically, FCA operates on binary formal 
contexts as its input, wherein a crisp relation 𝐼  outlines the 

associations between entities 𝐺  and their attributes 𝑀. 
Accordingly, a formal context can be concisely characterized as 
a tabular representation comprising rows denoting entities and 
columns representing attributes (or vice versa). 

Definition 1: A formal context is delineated as a triple 𝕂 =
 (G, M, I ∈ {0, 1}) , where G signifies the set of objects, M 
denotes the set of attributes, and I denotes a crisp relation among 
objects and attributes, where I ⊆  G ×  M. If an object g ∈  G 
and an attribute m ∈  M are related in I, it is expressed as the 
pair (g, m)  ∈  I or (g I m). 

Definition 2: A formal concept is denoted as a pair (A, B) of 
the formal context 𝕂 =  (G, M, I) iff A ⊆  G, B ⊆  M, A ↑ =  B, 
and B ↓ =  A, where A and B the concept extent and intent, 
respectively. And A↑, B↓ are given by Eq. (1) and Eq. (2): 

𝐴 ↑∶= { 𝑚 ∈  𝑀| (𝑔, 𝑚) ∈ 𝐼  ∀ 𝑔 ∈ 𝐴}     (1) 

Such that 𝐴 ↑ represents the set of characteristics in M that 
are shared by all objects in 𝐴. 

𝐵 ↓: = { 𝑔 ∈  𝐺 | (𝑔, 𝑚) ∈ 𝐼 ∀ 𝑚 ∈  𝐵}   (2) 

Given that 𝐵 ↓ is set of objects having all features in the 
set  𝐵. 

Classical FCA is typically proficient in processing crisp 
binary contexts, a scenario that may not align with the inherent 
complexity of real-world datasets. One challenge encountered 
pertains to specifying sharp boundaries within scaled attribute 
intervals, thus posing limitations in effectively addressing the 
many valued contexts inherent in many datasets. 

Fuzzy Formal Concept Analysis (FFCA), in contrast, offers 
a versatile framework capable of accommodating various types 
of data, thereby addressing the limitations associated with 
classical FCA. Unlike its crisp counterpart, fuzzy FCA embraces 
the inherent uncertainty and vagueness present in real-world 
datasets by allowing for graded membership degrees. FFCA can 
handle different types of data (continuous, discrete, or hybrid) 
types without needing strict boundaries between attribute 
intervals. Consequently, FFCA offers a more robust and 
adaptable approach for analyzing complex datasets 
characterized by imprecision and ambiguity. 

B. Fuzzy Formal Concept Analysis 

Fuzzy Formal Concept Analysis (FFCA) is a mathematical 
framework designed to analyze and extract meaningful patterns 
from datasets characterized by uncertainty and imprecision. 
Fuzzy sets [33] in FFCA replace the conventional binary 
representation of relationships between objects and attributes 
where a value in the range [0, 1] represents the degree of 
membership of an object to an attribute. 

Definition 3: a fuzzy formal context is a triple 𝕂̂ =
(G, M, Î ∈ [0, 1]) ,  where G  is a set of objects, M  is a set of 

attributes, Î is a fuzzy relation between objects and attributes 
each with membership μ that gives each pair (g, m) in G × M a 
degree of membership. This membership degree shows how 
strongly objects and attributes are linked. 

FFCA extends traditional FCA by allowing for the 
representation of graded relationships, enabling a more flexible 
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and nuanced analysis of complex datasets. One-sided FFCA 
involves the fuzzification of either the extent or the intent of a 
formal concept while maintaining a crisp definition on the other 
side [10][17]. 

As depicted in Fig. 1, various viewpoints and formal 
definitions for fuzzy concepts exist. Fuzzy concepts can be 
categorized into single-sided fuzzy concepts and full-sided 
fuzzy concepts. In single-sided fuzzy concepts, only the intent 
or extent of the fuzzy concept is fuzzy, not both [26]. On the 
other hand, full-sided fuzzy concepts have both extent and extent 
represented as fuzzy sets [24]. This paper proposes a parallel 
algorithm for extracting single-sided fuzzy concepts in which 
extents are fuzzy and intents are crisp. The rest of this section 
presents the formal definitions and notions for this type of 
FFCA. 

 

Fig. 1. Fuzzy concepts’ taxonomy. 

Definition 4: In a fuzzy context 𝕂̂ = (G, M, Î), a fuzzy-crisp 
concept is represented by a pair (Af , B), where Af  ⊆  G denotes 
the fuzzy extent of the concept, B ⊆  M  represents the crisp 
intent, and Af ↑= B and B ↓ = A. The definitions of Af ↑  and B ↓ 
are provided by Eq. (3) and Eq. (4) [17]: 

𝐴𝑓 ↑ =  { 𝑏 ∈ 𝐵 | ∀𝑎 ∈ 𝐴: 𝜇𝐼 (𝑎, 𝑏)  ≥  𝜇𝐴 (𝑎)}        (3) 

𝐵 ↓: =  { 𝑎 |𝜇𝐴 (𝑎)  =  𝑚𝑖𝑛{𝑏∈𝐵} ( 𝜇𝐼 (𝑎, 𝑏) )}         (4) 

In this context, 𝐴𝑓 ↑ , denoted as 𝐴𝑓′, delineates the crisp 

intent of the object set 𝐴𝑓 , while B↓, denoted as 𝐵′, delineates 

the fuzzy extent of the attribute set 𝐵. A confidence threshold 𝛼 
is utilized where 𝛼 <  1. The user can adjust the threshold 𝛼 
according to their requirements for generating fuzzy concepts 
from a provided fuzzy context [20]. This threshold aids in 
filtering out fuzzy relations that fall outside the interval [𝛼, 1] 
from the given fuzzy formal context, thereby facilitating 
knowledge discovery and representation [19] [21] [28]. 
Alternatively, the threshold interval is denoted as 𝛼-cut of the 
fuzzy context. 

Example 1: Table I shows a fuzzy context example that 
refers to a part of the employee's dataset. According to Def. 3, 
the attribute set M is {𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹}, and each attribute 
corresponds to the properties: 𝐴: low salary, 𝐵: moderate salary, 
𝐶: high salary, 𝐷: young, 𝐸: youth, and 𝐹: old. Moreover, the 
object set 𝐺 = {𝑂0, 𝑂1, 𝑂2,  𝑂3,  𝑂4}  represents five different 
employee instances. Applying an 𝛼 -𝑐𝑢𝑡  of  0.4  to the fuzzy 
context in Table I produces the fuzzy context in Table II. 
Eliminated relationships are highlighted in gray background in 
Table II. Applying the threshold clearly produces a sparser 
context and can effectively eliminate unwanted relationships. 

TABLE I.  EXAMPLE FUZZY CONTEXT 

Obj A B C D E F 

𝑂0 1 0 0 1 0 0 

𝑂1 0.22 0.78 0 1 0 0 

𝑂2 0 0.33 0.67 0.73 0.27 0 

𝑂3 0 0 1 0 0.36 0.64 

𝑂4 0 0 1 0 0 1 

TABLE II.  FUZZY CONTEXT WITH 𝛼-𝑐𝑢𝑡 = 0.4 

Obj A B C D E F 

𝑂0 1 0 0 1 0 0 

𝑂1 0 0.78 0 1 0 0 

𝑂2 0 0 0.67 0.73 0 0 

𝑂3 0 0 1 0 0 0.64 

𝑂4 0 0 1 0 0 1 

For more clarity, Table III illustrates the fuzzy concepts 
extracted from the fuzzy context in Table II after applying the 
threshold 𝛼 = 0.4. As shown in Table III, there are ten fuzzy 
concepts, each consisting of a fuzzy extent and a crisp intent. 

TABLE III.  FUZZY CONCEPTS GENERATED FROM THE FUZZY CONTEXT IN 

TABLE II 

# Fuzzy Extent Crisp Intent 

𝑪𝟏 {𝑂0: 1, 𝑂1: 1, 𝑂2: 1, 𝑂3: 1, 𝑂4: 1} {} 

𝑪𝟐 {𝑂0: 1} {A, D} 

𝑪𝟑 {} {A, B, C, D, E, F} 

𝑪𝟒 {𝑂1: 0.78, 𝑂2: 0.33} {B, D} 

𝑪𝟓 {𝑂2: 0.33} {B, C, D} 

𝑪𝟔 {𝑂2: 0.67, 𝑂3: 1, 𝑂4: 1} {C} 

𝑪𝟕 {𝑂2: 0.67} {C, D} 

𝑪𝟖 {𝑂3: 0.36} {C, E, F} 

𝑪𝟗 {𝑂3: 0.64, 𝑂4: 1} {C, F} 

𝑪𝟏𝟎 {𝑂0: 1, 𝑂1: 1, 𝑂2: 0.73} {D} 

A fuzzy extent consists of a set of objects and their 
corresponding memberships in the form of {𝑂𝑖 : 𝜇𝑜𝑖

}, such that 

𝑂𝑖  refers to the object number 𝑖 and 𝜇𝑜𝑖
 is the membership of 𝑂𝑖  

to the corresponding crisp intent. For instance, fuzzy concept (4) 
is ({𝑂1: 0.78, 𝑂2: 0.33}, {𝐵, 𝐷})  where ({𝑂1: 0.78, 𝑂2: 0.33}  is 
the fuzzy extent consisting of objects 𝑂1  and 𝑂2 with 
membership degrees of 0.78 and 0.33, respectively. These 
membership degrees determine to what extent the objects 
possess the attributes in the crisp intent {𝐵, 𝐷}. 

III. RELATED WORKS 

Extracting formal concepts from formal contexts has gained 
a significant interest in classical algorithms that handle binary 
datasets using crisp set theory. In-Close4b [32], bit-close4 [30], 
and FPCbO [31] algorithms identify crisp concepts through 
depth-first search and pruning techniques. With a mix of arrays 
and bitsets, In-Close4b balances memory usage and speed, 
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making it suitable for large datasets. Bit-Close4 enhances 
performance for sparse data by optimizing memory efficiency 
with bitset data structures. FPCbO [31] has improved the 
classical CbO algorithm [23] by reducing computational 
redundancy and employing a canonical direct basis 
representation to generate only canonical concepts. Regarding 
optimizations, these algorithms differ in the following ways: In-
Close4b balances resources; Bit-Close4 emphasizes memory 
efficiency; and FPCbO focuses on redundancy reduction. 

Compared to the proposed algorithm, these crisp algorithms 
are less adaptable to diverse data types and cannot handle fuzzy 
or imprecise data, limiting their applicability in real-world 
scenarios where data uncertainty is common. While In-Close4b 
balances memory usage and speed, it struggles with extremely 
large or dense datasets, and its complexity makes it harder to 
implement. Bit-Close4's reliance on bitsets enhances 
performance for sparse matrices but can reduce flexibility and 
efficiency in dense datasets. FPCbO's strict canonicality 
minimizes redundancy but introduces significant computational 
overhead and increased memory consumption, making it less 
efficient for complex datasets. Overall, these limitations 
highlight the need for more versatile and scalable algorithms, 
offered by fuzzy concept extraction algorithms. 

Fuzzy FCA algorithms gained less popularity due to its 
extensive time requirement despite its capability to process 
diverse data types, including fuzzy and imprecise data. This 
section reviews current fuzzy algorithms, identifying key 
limitations that the proposed algorithm aims to address. 

Fuzzy CbO [22] presents an algorithm to extract fuzzy-crisp 
concepts. Therefore, fuzzy CbO can process fuzzy and vague 
data effectively. In addition, this recursive algorithm exploits 
canonicity tests to discover new fuzzy concepts, demonstrating 
superior efficacy in fuzzy concept generation when compared to 
the fuzzy NextClosure algorithm[25]. Despite its effectiveness 
in processing fuzzy data, the fuzzy CbO algorithm faces 
limitations such as significant computational overhead from 
canonicity tests, high memory consumption due to its recursive 
nature, and potential challenges in handling large and diverse 
datasets. These limitations are efficiently handled by the 
proposed parallel algorithm. 

The attribute-based algorithm [27] excels with 
symmetrically correlated attributes, outperforming fuzzy CbO 
in execution time under these conditions. However, in other 
scenarios, both algorithms demonstrate similar performance, 
limiting the attribute-based algorithm's effectiveness in handling 
diverse datasets and asymmetric correlations. On the contrary, 
the proposed algorithm leverages parallel processing techniques 
to handle multiple attributes at the same time, which results in 
efficient processing of fuzzy concepts. Unlike sequential 
algorithms like Fuzzy CbO and attribute-based algorithm, the 
proposed algorithm excels in handling large, dense datasets and 
produces compact fuzzy-crisp concepts efficiently. 

FuzzyInClose4b algorithm[24] utilizes incremental closure 
and matrix searching techniques to extract full-sided fuzzy 
concepts. It computes each closure incrementally, only once per 
concept, to prevent repeated closure calculations. Compared to 
the proposed algorithm, FuzzyInClose4b[24] generate more 

fuzzy concepts. Therefore, it requires plenty of time and storage 
space. But it may be more suitable when the intent’s 
membership values are essential. But for Ontology construction 
applications and association rule mining, it can be sufficient to 
use fuzzy-crisp concepts algorithms like the proposed algorithm. 

To the best of knowledge, all existing algorithms for 
generating fuzzy-crisp formal concepts operate sequentially, 
failing to leverage parallel computation. This limitation 
significantly impacts execution time, particularly with large 
datasets. This work addresses this gap by proposing a parallel 
algorithm to accelerate the generation of fuzzy concepts. 

IV. PROPOSED PARALLEL ALGORITHM FOR COMPUTING 

FUZZY-CRISP CONCEPTS 

This section introduces the proposed parallel fuzzy concept 
(PFC) algorithm to generate fuzzy-crisp concepts from a fuzzy 
formal context in parallel, leveraging multi-threading to 
improve efficiency. The algorithm accesses the fuzzy context 
and eventually returns fuzzy concepts as pairs of fuzzy extents 
and crisp intents. 

Algorithm: PFC(  ) 

Input: A fuzzy formal context 𝕂̂ = (G, M, Î ∈ [0, 1]) 

Output: The set of 𝐹C of all fuzzy concepts of 𝕂̂ 

Begin 

1 Initialize FC ← {(𝐺 ↑, 𝐺), (𝑀 ↓, 𝑀)} 

2 With ThreadPoolExecutor() as executor: 

3 For each 𝑖 from 0 to |𝑀| − 1  do 

4 executor.map( ProcessAttribute, i) 

5 End for 

6 Return 𝐹𝐶 

Procedure: ProcessAttribute (𝑎𝑡𝑡𝑟𝑖) 

1 F_extent ← 𝑎𝑡𝑡𝑟𝑖 ↓ 

2 intent ← F_extent ↑  

3 If intent ⊈ FC.intents then: 

4 FC← 𝐹𝐶 ∪ (F_extent , intent) 

5 With threading.lock(): 

6 For c in FC \ {(F_extent, intent) ∪ (G, G↓)∪ (𝑀 ↓
, 𝑀)} 

7 Inters = Fextent ∧ c.extent 

8 If Inters ↓ ⊈ FC.intents then: 

9 𝐹𝐶 ← 𝐹𝐶 ∪ (Inters, Inters ↓) 

10 End If 

11 End For 

12 End If 

End Procedure 

The Parallel Fuzzy Concept (PFC) algorithm begins by 
initializing the global fuzzy concepts set with the bottom and top 
concepts (line 1). The top concept is a set of all objects 𝐺 and 
their shared intent 𝐺 ↑  evaluated using Eq. (3). The bottom 
concept is a set of whole intent 𝑀  and all objects that assess 𝑀, 
given by 𝑀 ↓ provided using Eq. (4), and represents the fuzzy 
extent in the form 𝑒𝑥𝑡: 𝜇𝑒𝑥𝑡 . Subsequently, a thread pool is 
employed to process attributes in parallel (Lines 2–5), where 
each thread is responsible for computing all fuzzy concepts 
discoverable using a particular attribute. Therefore, the 
algorithm ensures efficient computation of fuzzy concepts using 
multiple threads. 
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To identify all new fuzzy concepts given an attribute, the 
ProcessAttribute() procedure is invoked. First, lines 1 − 2 
calculate the fuzzy extent using Eq. (4) and the crisp intent using 
Eq. (5). Next, line 3 verifies that the concept intent is new and 
not present in the 𝐹𝐶 set, thereby storing the new fuzzy concept 
in 𝐹𝐶 (line 4). In line 5, a locking mechanism ensures thread 
safety during updates. Lines 6–9 then uncover all other fuzzy 
concepts that arise from intersections between the new fuzzy 
extent (F_extent) and the existing concepts’ extents. Therefore, 
line 6 presents a loop that iterates over all existing concepts 
except all fuzzy concepts that cannot produce new concepts via 
the fuzzy intersection (i.e., the newly generated concept 
{F_extent, intent}, the top concept (𝐺, 𝐺 ↑),  and the bottom 
concept (𝑀 ↓, 𝑀). In line 7, Zadah's intersection, as stated in 
definition (5), evaluates the fuzzy intersection between the 
extent of the new concept and the extent of the existing concept. 
If the intent of an intersection is not in 𝐹C, it adds the new 
concept to 𝐹𝐶 (lines 8 and 9). 

Definition 5: The intersection of two fuzzy sets A and B with 
membership functions μA(x) and μB(x), respectively, results in 
a fuzzy set C, denoted as C =  A ∩  B. The membership function 
of C is defined as μC(x) = Min[μA(x), μB(x)] for all x ∈ X in 
the universe of discourse X. This can also be represented as C =
A ∧ B . 

The proposed algorithm significantly enhances efficiency by 
leveraging parallel processing technique (multi-threading), 
making it well-suited for large datasets. The combination of 
parallel attribute processing and intersection checking ensures 
the identification of all fuzzy concepts within the fuzzy context. 

Unlike existing algorithms for extracting full-sided fuzzy 
concepts, such as FuzzyInClose4b [24], the proposed algorithm 
generates fuzzy-crisp concepts that are more compact and 
suitable for information retrieval, ontology construction and 
association rule mining. Additionally, the parallel nature of the 
proposed algorithm makes it more efficient in extracting fuzzy-
crisp concepts from large dense datasets, a feature that is not 
present in existing sequential fuzzy-crisp concept generation 
algorithms like Fuzzy CbO [22], Fuzzy NextClosure [25], and 
attribute-based algorithm [27]. 

V. CASE STUDY AND DISCUSSION 

This section demonstrates the practical application of the 
proposed PFC algorithm in analyzing a fuzzy keyword-
document context. This context involves eight keywords (𝑘1  to 
𝑘8  ) and four documents ( 𝑑1  to 𝑑4 ), where fuzzy values 
represent the strength of relationships between keywords and 
documents. Keywords are treated as fuzzy extents, and 
documents as crisp intents, quantified by fuzzy membership 
values ranging from 0 to 1, as shown in Table IV. 

Using the proposed PFC algorithm, this fuzzy context is 
systematically analyzed to extract fuzzy-crisp concepts, detailed 
in Table V. These concepts are characterized by fuzzy extents, 
indicating the strength of associations between keywords and 

documents, and crisp intents, describing documents based on 
keywords. 

TABLE IV.  KEYWORD-DOCUMENT FUZZY CONTEXT 

 𝑑1 𝑑2 𝑑3 𝑑4 

𝑘1 0 1 1 0 

𝑘2 0.2 0.6 1 0.2 

𝑘3 1 0 0 0 

𝑘4 0.3 0.6 0.7 0.3 

𝑘5 1 0 0 1 

𝑘6 0 1 0 0 

𝑘7 0.1 0.5 0.5 0.1 

𝑘8 0.5 0.3 0 0.5 

TABLE V.  FUZZY-CRISP FUZZY CONCEPTS EXTRACTED BY THE 

PROPOSED ALGORITHM 

# Fuzzy Extents (keywords) 
Crisp Intents 

(documents) 

𝐶1 {𝑘0: 1, 𝑘1: 1, 𝑘2: 1, 𝑘3: 1, 𝑘4: 1, 𝑘5: 1, 𝑘6: 1, 𝑘7: 1} {   } 

𝐶2 {𝑘1: 0.2, 𝑘3: 0.3, 𝑘6: 0.1} {𝑑1, 𝑑2, 𝑑3, 𝑑4} 

𝐶3 {𝑘1: 0.2, 𝑘2: 1, 𝑘3: 0.3, 𝑘4: 1, 𝑘6: 0.1, 𝑘7: 0.5} {𝑑1} 

𝐶4 {𝑘0: 1, 𝑘1: 0.6, 𝑘3: 0.6, 𝑘5: 1.0, 𝑘6: 0.5, 𝑘7: 0.3} {𝑑2} 

𝐶5 {𝑘1: 0.2, 𝑘3: 0.3, 𝑘6: 0.1, 𝑘7: 0.3} {𝑑1, 𝑑2, 𝑑4} 

𝐶6 {𝑘0: 1, 𝑘1: 1, 𝑘3: 0.7, 𝑘6: 0.5} {𝑑3} 

𝐶7 {𝑘0: 1, 𝑘1: 0.6, 𝑘3: 0.6, 𝑘6: 0.5} {𝑑2, 𝑑3} 

𝐶8 {𝑘1: 0.2, 𝑘3: 0.3, 𝑘4: 1, 𝑘6: 0.1, 𝑘7: 0.5} {𝑑1, 𝑑4} 

Fig. 2 illustrates the steps of the PFC algorithm. Initially, the 
top and bottom fuzzy concepts (C1 and C2) are added to the 
fuzzy concepts set (line 1 of the algorithm). According to line 2, 
four threads are utilized to process different attributes (d1, d2, 
d3, d4) in parallel. Each thread independently processes its 
assigned attribute by calculating the fuzzy extent and 
corresponding crisp intent and checks if the newly formed 
concept's intent is not in the set of fuzzy concepts (FC). If it's 
unique, it adds a new concept to FC. Additionally, each thread 
performs fuzzy intersections of extents with existing concepts 
and ensures that new intersection concepts, if unique, are also 
added to FC. For example, processing attribute 𝑑1 results in a 
concept with the fuzzy extent {𝑘1: 0.2,  𝑘2: 1, 𝑘3: 0.3, 𝑘4: 1,
𝑘6: 0.1, 𝑘7: 0.5} and the crisp intent {𝑑1}. 

This process is repeated for all attributes, ensuring 
systematic extraction of all fuzzy concepts. This tracing 
highlights the algorithm's parallel behavior, where multiple 
threads execute concurrently to process different attributes, 
significantly speeding up the concept generation process by 
leveraging parallel computation. By analyzing these fuzzy 
concepts, the varying strengths of relationships between 
keywords and documents can easily be demonstrated. 



(IJACSA) International Journal of Advanced Computer Science and Applications, 

Vol. 15, No. 8, 2024 

626 | P a g e  

www.ijacsa.thesai.org 

 
Fig. 2. Steps by the proposed PFC algorithm for extracting fuzzy concepts from fuzzy context in Table IV. 

This analysis helps identify documents with strong, weak, or 
similar associations to multiple keywords. For instance, fuzzy 
concept C8 highlight that document 𝑑1  and 𝑑4  have a strong 
association with keyword 𝑘4 and moderate to weak associations 
with other keywords. These keywords serve as a linking set for 
these two documents.  Information from fuzzy-crisp concepts is 
valuable for tasks like information retrieval, as it improves 
search accuracy by highlighting documents strongly associated 
with the user query. The FuzzyInClose4b [24] algorithm 
generated 43 fuzzy concepts from Table IV in which both extent 
and intent are fuzzy. Example fuzzy concepts are: 
({𝑘2, 𝑘4, 𝑘7, 𝑘8: 0.3}, {𝑑1: 0.1, 𝑑2: 0.5, 𝑑4: 0.1}) and 
({𝑘2, 𝑘4, 𝑘7: 0.1, 𝑘8: 0.3}, {𝑑1: 0.2, 𝑑2: 0.6, 𝑑4: 0.2})  which are 
very similar concepts. 

In this case study, fuzzy-crisp concepts extracted by the 
proposed PFC algorithm, which use fuzzy extents for keyword 
relevance and crisp intents for document associations, provide 
an efficient and nuanced approach. This method captures 
keyword importance precisely while maintaining clear 
document associations, leading to effective and context-aware 
search results. For example, in a search for "renewable energy 
sources," relevant keywords can be weighted, and documents 
are crisply linked, enhancing search efficiency. In contrast, full 
sided fuzzy concepts extracted by FuzzyInClose4b [24] offer 
more detailed relationships by representing both keywords and 
documents with varying degrees, but they introduce higher 
computational complexity and interpretation challenges with the 
existence of very similar fuzzy concepts. Thus, the fuzzy-crisp 
concepts extracted by the proposed PFC algorithm balance 
complexity and precision, delivering relevant and personalized 
search outcomes efficiently. 

VI. RESULTS AND DISCUSSION 

This section shows the efficiency and scalability of the 
proposed PFC algorithm through experiments on synthetic and 
benchmark datasets. The aim of these experiments is to show 
that the proposed PFC algorithm significantly reduces 
computation time, making FFCA feasible for large-scale data 
analysis. Table VI provides an overview of the datasets utilized 
in the experiments. The Iris and red-wine datasets are 
benchmarks from the UCI Repository [29]. To further assess the 
robustness of the proposed algorithm, we synthesized three 
variations of a fuzzy dataset with different densities (20%, 30% 

and 40%) and a size of (20,000 × 15), so the performance of the 
proposed algorithm under various conditions can be assessed. 

TABLE VI.  DATASETS USED IN THE EXPERIMENTS 

Dataset |𝑮| |𝑴| Density Description 

Fuzzy Red 

Wine 
1600 36 66.2% Multivariate (fuzzified) 

Fuzzy Iris 150 15 58% Multivariate (fuzzified) 

Synthetic 
Fuzzy 

Dataset 
20,000 15 

20%, 
30%, 

40% 

Synthetic Fuzzy 

Car 1,728 25 28% Crisp 

To maintain consistency with the fuzzy setting, all 
quantitative attributes are fuzzified using three linguistic labels 
per attribute: low, moderate, and high. Trapezoidal membership 
functions are employed to represent the low and high linguistic 
labels, while a triangular membership function is used for the 
moderate label. The proposed PFC algorithm is implemented in 
Python, and the experiments are carried out on a Windows 
machine equipped with an Intel Core i7 processor running at 
2.60 GHz and 32 GB of RAM. 

Before exploring experiments, Table VII presents feature 
comparisons between the proposed PFC algorithm and the 
related algorithms: In-Close4b [32], bit-close4 [30], FPCbO 
[31], FuzzyInClose4b [24], fuzzy CbO [22], attribute-based 
algorithm [27]. 

TABLE VII.  FEATURES COMPARISON 

Algorithms 
Data 

Types 
Parallel 

Concept 

Extent 

Concept 

Intent 

In-Close4b [32] 

Binary 

x 

Crisp Crisp bit-close4 [30]   

FPCbO [31]   

FuzzyInClose4b[24] 

Fuzzy 

x Fuzzy Fuzzy 

fuzzy CbO [22] x 

Fuzzy Crisp attribute-based [27] x 

PFC algorithm Fuzzy   
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The algorithms In-Close4b [32], bit-close4 [30], and FPCbO 
[31] can only extract formal concepts from binary data, such as 
Car dataset. They can’t process other types of data, such as 
multivariate and fuzzy datasets. In contrast, the proposed PFC 
algorithm can process these data by utilizing fuzzy set theory in 
computing fuzzy concepts. 

The FuzzyInClose4b algorithm [24] extracts full-sided fuzzy 
concepts, which are more numerous than fuzzy-crisp concepts, 
extracted by the proposed PFC algorithm. Table VIII compares 
the number of fuzzy concepts extracted by the FuzzyInClose4b 
algorithm with those extracted by the proposed PFC algorithm 
for the fuzzy Iris dataset considering different 𝛼-cuts. Due to the 
larger count of concepts, the FuzzyInClose4b algorithm is 
computationally intensive and demands significant storage 
resources. 

TABLE VIII.  COMPARISON OF FUZZY CONCEPTS BETWEEN FUZZY IN 

CLOSE4B AND PROPOSED PFC ALGORITHMS ON FUZZY IRIS DATASET 

𝜶 − 𝒄𝒖𝒕 full-sided fuzzy concepts Fuzzy-crisp concepts 

0.8 844 73 

0.7 2,738 87 

0.6 8,438 110 

0.5 16,843 160 

0.4 46,514 252 

All of fuzzy CbO [22], attribute-based algorithm [27], and 
the PFC algorithm extract fuzzy-crisp concepts. However, both 
fuzzy CbO and attribute-based algorithms operate sequentially 
and are computationally intensive. In contrast, the proposed PFC 
algorithm leverages parallel processing of attributes, 
significantly enhancing its efficiency. Experiments are 
conducted to compare the computational time (in seconds) 
required by fuzzy CbO, the attribute-based algorithm, and the 
PFC algorithm at different α-cut values applied to the dataset. 

Fig. 3–6 demonstrate the persistent effectiveness of the 
suggested parallel algorithm in comparison to other algorithms. 
For all algorithms, the computation times decrease as the α-cut 
threshold increases. Aside from that, the proposed PFC 
algorithm consistently outperforms the other algorithms, 
achieving the shortest calculation times across all thresholds. 

Fig. 3 demonstrates a performance comparison over the 
fuzzy Iris dataset, indicating that the suggested PFC algorithm 
consistently takes the least amount of time to compute all fuzzy 
concepts for all α-cuts applied to the dataset. Although the 
sequential attribute-based approach and the PFC algorithm 
behave similarly on this dataset, the difference in performance 
between them becomes more apparent when the α-cut decreases. 
This indicates that the suggested parallel algorithm is especially 
suitable for datasets with a high density. 

Fig. 4, 5, and 6 display the efficiency for the synthetic fuzzy 
dataset with densities of 20%, 30%, and 40%, respectively. The 
proposed PFC algorithm consistently outperforms the fuzzy 
CbO and attribute-based algorithms on synthetic fuzzy datasets 
with different densities. It also has a stable and efficient 

execution time of 5 to 40 seconds, which doesn't change 
depending on the α-cut thresholds. On the other hand, the 
density of the dataset significantly influences the Fuzzy CbO 
and attribute-based algorithms. Regardless, they both show a 
decrease in execution time with increasing α-cut values but 
remain inefficient. The proposed parallel algorithm is always 
efficient, even when datasets are very dense. 

 
Fig. 3. Performance comparison of algorithms on fuzzy Iris dataset. 

 
Fig. 4. Performance of algorithms on the synthetic fuzzy dataset with 20% 

density. 

 
Fig. 5. Performance of algorithms on the synthetic fuzzy dataset with 30% 

density. 
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TABLE IX.  EXPERIMENTS OVER DIVERSE DATASETS 

Expr # dataset α-cut Concepts# Fuzzy CbO algorithm 
Attribute based 

algorithm 

Proposed 

parallel 

algorithm 

Time reduction w. r. 

t. attribute-based 

algorithm 

Time reduction 

w. r. t. Fuzzy 

CbO algorithm 

1 
F

u
zz

y
 I

ri
s 

0 730 2.15 1.38 1.00 27.89% 53.63% 

2 0.1 693 1.63 1.13 0.88 22.07% 45.92% 

3 0.2 589 1.11 0.68 0.55 19.40% 50.57% 

4 0.3 376 0.65 0.40 0.33 16.46% 48.74% 

5 0.4 252 0.42 0.24 0.20 18.12% 52.08% 

6 0.5 160 0.26 0.16 0.14 12.89% 46.51% 

Average reduction 19% 50% 

7 

sy
n
th

et
ic

 f
u

zz
y

 d
at

as
et

 

w
it

h
 d

en
si

ty
 2

0
%

 0 7,124 187.39 32.45 10.13 68.79% 94.60% 

8 0.1 7,124 120.14 32.18 9.55 70.32% 92.05% 

9 0.2 5,650 94.54 20.58 7.63 62.95% 91.93% 

10 0.3 4,397 74.93 13.25 6.10 53.97% 91.86% 

11 0.4 3,292 57.89 8.36 4.86 41.86% 91.61% 

12 0.5 2,503 45.14 5.63 3.80 32.51% 91.59% 

Average reduction 55% 92% 

13 

sy
n
th

et
ic

 f
u

zz
y

 d
at

as
et

 

w
it

h
 d

en
si

ty
 3

0
%

 0 17,688 431.76 210.47 30.03 85.73% 93.05% 

14 0.1 17,688 312.39 207.38 28.43 86.29% 90.90% 

15 0.2 13,622 235.24 128.90 20.49 84.10% 91.29% 

16 0.3 10,353 178.58 74.03 14.85 79.94% 91.68% 

17 0.4 7,633 132.99 41.15 10.64 74.14% 92.00% 

18 0.5 5,630 95.93 21.43 7.52 64.90% 92.16% 

Average reduction 79.19% 91.85% 

19 

sy
n
th

et
ic

 f
u

zz
y

 d
at

as
et

 

w
it

h
 d

en
si

ty
 4

0
%

 0 28,834 734.45 673.38 86.79 87% 88% 

20 0.1 28,834 829.09 773.33 106.27 86% 87% 

21 0.2 24,997 679.03 632.23 69.29 89% 90% 

22 0.3 20,229 402.54 307.51 34.35 89% 91% 

23 0.4 15,045 255.41 164.50 22.35 86% 91% 

24 0.5 10,652 174.43 77.96 14.57 81% 92% 

Average reduction 86.49% 89.92% 

25 

F
u

zz
y

 R
ed

 

W
in

e 

0.9 356 3.34 0.49 0.39 20% 88% 

26 0.8 2,909 19.82 13.06 2.90 78% 85% 

27 0.7 9,822 85.13 250.43 14.68 94% 83% 

28 0.6 27,455 454.51 2481.24 62.15 97% 86% 

Average reduction 62.71% 72.09% 

29 car 0 12,640 95.92 461.29 5.59 98.79% 94.17% 
 

 
Fig. 6. Performance of algorithms on the synthetic fuzzy dataset with 40% 

density. 

Table IX compares the proposed parallel algorithm's 
efficiency across diverse datasets, showing significant time 
reductions compared to the attribute-based and Fuzzy CbO 
algorithms. For instance, in the synthetic fuzzy dataset with 20% 
density, the proposed algorithm achieved an average time 
reduction of 55% compared to the attribute-based algorithm and 
92% compared to the Fuzzy CbO algorithm, demonstrating its 
robustness and superior performance. 

VII. CONCLUSION 

Fuzzy formal concepts are essential to reveal the 
fundamental structures and patterns in heterogeneous datasets, 
thus enabling efficient decision-making in several fields. 
However, due to the complexity and ambiguity inherent in fuzzy 
datasets, extracting fuzzy concepts is computationally intensive. 
This inefficiency can hinder the practical application of fuzzy 
concepts in the real world. To address this challenge, the 
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proposed novel parallel algorithm optimizes the extraction of 
fuzzy-crisp concepts from fuzzy datasets, exploiting the 
resources at disposal. The proposed PFC algorithm utilized 
multi-threading to process attributes in parallel, then merge 
extracted fuzzy concepts. Experiments witness that the proposed 
algorithm reduces computation times and improves scalability, 
making it more suitable for handling dense and complex data 
structures. Besides, performance evaluation of the proposed 
PFC algorithm against other fuzzy algorithms across multiple 
datasets has demonstrated the algorithm's consistent superiority, 
achieving the shortest processing times across all α-cuts, with 
notable efficiency improvements as the α-cut decreases. 

Future research should enhance the algorithm's applicability 
in various computational environments, including big data 
processing frameworks like Apache Spark, and explore its 
adaptation for distributed computing environments, allowing 
workload division and reduced computation times. Besides, a 
comprehensive evaluation of the algorithm's performance across 
a wider range of datasets and use cases will provide deeper 
insights into its strengths and limitations, guiding future 
enhancements and adaptations. Besides, the algorithm's efficient 
fuzzy concept extraction could revolutionize applications in data 
processing and decision-making, including online 
recommendation systems and dynamic risk assessment. 
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