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Abstract—An inverted pendulum-type PM (personal mobility) 

has been attracting attention as a low-carbon vehicle. For many 

people who like to use the PM, ride comfort is important. 

However, ride comfort of PM has not been focused on in previous 

studies. The vibration is one of causes that make riders feel 

uncomfortable. The PM is unstable system and horizontal 

vibration may be caused by a stabilizing control. Additionally, 

vertical vibration may also be caused by road disturbances. This 

study analyzes the vibration of the rider’s head in these two 

directions when the PM runs on a road with disturbances in 

numerical simulations, and evaluates ride comfort with the 

frequency characteristics of the vibration. To consider human 

vibration sensitivity, the frequency weighting proposed in ISO 

2631-1 is used as an evaluation standard. The improvement 

methods are proposed from both software and hardware, and it 

is confirmed that the proposed method can improve ride comfort. 

Keywords—Inverted Pendulum-Type Personal Mobility; Ride 

Comfort; Human Vibration; Frequency Analysis; Vibration 

Control; Frequency Shaped LQG 

I. INTRODUCTION 

Recently in Japan, the number of single-person households 
has increased through declining birthrate and a rapidly growing 
proportion of elderly people, and the population decreases [1]. 
Based on this current situation, the PM has been attracting 
attention as a next-generation mobility vehicle. The PM is a 
vehicle for personal short-distance trips, and it is an electric 
vehicle. The single-person household using a PM instead of a 
gasoline vehicle is expected to contribute to the low-carbon 
society. Studies of dynamics and stability of the PM have been 
conducted [2]. Studies of model and control characteristics of 
human on the PM have been recently conducted [3][4]. Many 
stabilization control methods for the PM have been proposed 
[5]-[8]. It is important to improve ride comfort so that many 
people use the PM. However, the ride comfort problem has not 
been focused on in previous studies. 

This paper aims at improving ride comfort of the PM. The 
model that was studied was an inverted pendulum PM that has 
many advantages and is widely used. The system of the 
inverted pendulum PM is unstable. Therefore, horizontal 
vibration occurs by a stabilizing control. Additionally, vertical 
vibration occurs when traveling due to road disturbances. This 
study analyzes the vibration in these two directions and 
evaluates ride comfort of the occupant considering the human 
vibration sensitivity. This study proposes an inverted pendulum 
PM with greater ride comfort using both hardware and software 
approaches based on the analysis results. To verify its 
effectiveness, numerical simulations were carried out. 

II. MODELING 

A. Model and Parameter 

Figs. 1 (A), (B) and (C) show a coordinate system, a model 
for numerical simulation, and a model for design of control 
system respectively. In our study, the models of an inverted 
pendulum-type PM are limited to two-dimension, horizontal 
and vertical. 

The following variables have been chosen to describe the 
vehicle (see also Fig. 1): 

 θ: Pendulum angle with respect to z axis. 

 φ: Tire angle with respect to pendulum angle. 

 u: Control input torque. 

 d: Displacement of road disturbance. 

Parameter definitions and values are collected in TABLE I. 
Parameters of the vehicle are referring to Segway PT i2 [9]. 
The occupant was assumed that the height is 1.70 m, and 
weight is 65.0 kg. This refers to average height and weight of 
Japanese adult male [10]. Tire stiffness and damping 
coefficient are referring to the study of Sharp et al [11]. 
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(A) Coordinate system 

   

(B) A model for simulation (C) A model for control system 

design 

Fig. 1. Diagrams of an inverted pendulum-type personal mobility 

B. Motion Equations of Model for Numerical Simulation 

Coordinates of the center of the tire (xt, zt), and of the center 
of gravity of the pendulum (xp, zp) are 

( , ) ( ( ), )t tx z r z    (1) 

( , ) ( sin , cos )p p t tx z x L z L     (2) 

In Fig. 1(B), kinetic energy T, potential energy V, and 
dissipation energy D of the numerical simulation model are 
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(3) 

TABLE I.  MODEL PARAMETERS 

Parameter Symbol Unit Value 

Mass of the pendulum m kg 103.0 

Mass of the tires M kg 10.0 

Moment of inertia of the pendulum Jp kgm2 21.7 

Moment of inertia of the tire Jt kgm2 0.29 

Height of the occupant l m 1.70 

Distance between the tire center and 

center of gravity of the pendulum 
L m 0.70 

Radius of the tire r m 0.24 

Tire stiffness k N/m 1.0×105 

Tire damping coefficient c kg/s 1.0×102 

By using the Lagrangian, the following motion equations 
are obtained: 

  
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2 2
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III. DESIGN OF CONTROL SYSTEM 

A. Motion Equations of the Model for Control System 

In Fig. 1(C), the following motion equations are obtained as 
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B. State-Space Representation 

θ is assumed to be near 0, therefore sin ,  cos 1, 
2 0   are assumed. On this assumption, the equations are 

linearly approximated, and represented as the following state-
space. 
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c c u x Ax B  (9) 

The control target vector is [ ]T

c  x . 

C. Design of Optimal Regulator 

The design of the optimal regulator has done using three 
gains. We call them Controller 1, Controller 2, and Controller 3 
respectively. TABLE II shows the feedback gains,

K K 
   K , and the settling time of θ of each controller. 

Control input torque is 
cu  Kx .The settling time of θ is the 

time that θ has been less than 1.0×10
-4

 rad. 

As shown in TABLE II, the controllers have different 
settling times. Settling time of each controller is relatively 
slow, medium, and fast. 

IV. CONDITIONS OF SIMULATION AND ANALYSIS 

A. Initial State 

State variable vector for numerical simulation model is 
defined as  

[ ]Tz z   x  (10) 

The initial state vector is 

[0.017 0 0 0 23.1 0]T
0

x  (11) 

B. Road Disturbance 

There are two types of road disturbance. One is sinusoidal, 
and the other one is random. 

1) Sinusoidal road: The sinusoidal road is defined as 

sind a bx  (12) 

a is amplitude of the disturbance, and a = 0.005 m. b is a 
conversion factor. When the PM is traveling at desired speed 

(in this paper, 5.6 m/s), b = 0.180 so as to satisfy bx t  . 

When 2 f  is substituted to Eq. (12), Eq. (12) is assumed 

to be equivalent to the sinusoidal road displacement whose 
frequency is f Hz. In this paper, the frequency is 7 pattern, 0.1, 
0.5, 1.0, 5.0, 10.0, 16.0, and 20.0 Hz. 

2) Random road: The design of random road is refer to 

ISO 8608 [12]. In this paper, classification of road is Level A, 

B, C, D, and E. Each level means that the road is very good, 

good, normal, poor, and very poor. 

C. Target of Analysis 

Coordinates of the head of the occupant (xh, zh) is 

( , ) ( sin , cos )h h t tx z x l z l     (13) 

 

TABLE II.  PROPERTIES OF CONTROLLERS 

 Symbol Unit 
Controller 

1 2 3 

Feedback 

gains 

K
 Nm/rad -398.5 -404.7 -573.0 

K


 Nm/rad -94.0 -80.1 -95.3 

Settling time T s 2.00 1.40 0.73 

 

 
Fig. 2. Frequency weighting curves shown in ISO 2631-1 

Acceleration of the head of the occupant is 

1)  
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D. Evaluation Method 

In this paper, Power Spectrum Density (PSD) and Root 
Mean Square (RMS) are used for evaluation. 

1) PSD: PSD is evaluated by using the frequency 

weighting curves that are proposed in ISO 2631-1 [13], as  

2) shown in Fig. 2. Fig. 2 shows that the unpleasant 

frequency range is about 0.8 - 1.6 Hz in the horizontal 

direction and 4.0 - 8.0 Hz in the vertical direction. 

3) RMS: RMS is defined [13]: 

1
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T is simulation time, in this paper, T = 30 s. The 

acceleration of the head of occupant is substituted to ( )wa t . 

The RMS calculated by Eq. (15) does not reflect human 
vibration sensitivity. Therefore, the acceleration data is filtered 
to consider human vibration sensitivity. The transfer function 
representation of the frequency weighting proposed in 
ISO2631-1 is used as a filter [14]. The transfer functions are 
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Wd is the transfer function in the horizontal direction, and Wk is 
that in the vertical direction. 

V. EVALUATION OF RIDE COMFORT 

Fig. 3 shows a rider’s head acceleration when the road 
disturbance is sinusoidal (f = 1.0 Hz). Figs. 4 and 5 show the 
PSD and RMS of the head acceleration, respectively. In the 
horizontal direction, the result is different due to changing the 
controller, as shown in Fig, 3(A). Figs. 4(A) and 5(A) show 
that the faster the settling time of the controller is, the better 
ride comfort become. However when Controller 3, whose 
settling time is the fastest of the three controllers, is used, the 
ride comfort gets worse. It is confirmed that if the settling time 
is less than 1.2 s, the ride comfort gets worse. Therefore, 
controller whose settling time is too fast, for example, 
Controller 3, is undesirable as a control system considering the 
ride comfort. In the vertical direction, the results are almost the 
same even if the controllers are changed, as shown in Fig. 3(B). 
The same trends can be seen in Figs. 4(B) and 5(B). This 
suggests that improving on the control system design is 
difficult. In addition, in Fig. 4(B), there are two peaks of PSD. 
One is the frequency of the vibration that is included in the 
road disturbance. The other is 6.7 Hz on any roads. The 
frequency, that is the natural frequency of this model, is in the 
frequency range that human feels uncomfortable in the vertical 
direction (4.0 - 8.0 Hz). Therefore, in the vertical direction, it is 
required to change the natural frequency using a hardware 
approach. 

VI. IMPROVEMENT OF RIDE COMFORT 

A. Proposal for Improving Ride Comfort 

. Improvement Method in the Horizontal Direction: When 
the optimal regulator controllers are used, the faster the settling 
time of the controller is, the better ride comfort become. 
However, if the settling time is too fast, ride comfort gets 
worse. Therefore we apply a frequency shaping Linear-
Quadratic-Gaussian (LQG) controller [15] to control PM as an 
approach from the control system. Using this method, it 
isintended to reduce the vibration in the frequency range (0.8 - 
1.6 Hz), while keeping the settling time of θ about 1.40 s which 
is the settling time of controller 2. Weighting on the state 

variable, ( )jQ , and weighting on the control input, ( )jR , 

are designed for the frequency shaping LQG control.
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Fig. 6 shows ( )j Q and ( )jR . ( )j Q is designed to 

take large value in a low-frequency band up to 1.0 Hz, and 

( )jR is designed to take large value in a frequency band 

greater than 1.6 Hz. These weightings represented in the 
transfer functions are as follows.  
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(18) 

The settling time of θ is 1.37 s. This time is equivalent to 
that of the controller 2. We call this LQG controller Controller 
4. 

1) Improvement Method in the Vertical Direction: In the 

vertical direction, it is confirmed that improving on the control 

system design is difficult. We propose a change of the tires as 

a hardware approach. 
The natural frequency of the PM’s tire is  

1 2

2
n

k
f

M m


  

(19) 

Fig. 7 shows the relation between the stiffness of the tire 
and the natural frequency, when the occupant weight is 
changed. The occupant weight is 45 - 118 kg, which refers to a 
manual of Segway PT i2. The current tire stiffness is 1.0×10

5 
 

N/m. The natural frequency is always contained in the 
frequency range (4.0 - 8.0 Hz) in which human feels 
uncomfortable. In order that the natural frequency is not 
included in the range, the tire stiffness needs to be more than 
2.0×10

5
 N/m or less than 2.5×10

4
 N/m.  

It is known that the tire stiffness is dependent on the air 
pressure. The air pressure is dependent on the tire oblateness 
[16]. The tire oblateness is calculated from the tire width and 
height. The tire oblateness of the Segway PT i2 is 0.7. To know 
the tire characteristic of Segway PT i2, we refer to the tire 
characteristics of automobiles and motorcycles [16][17]. 
Automobile and motorcycle tires whose oblateness is near 0.7 
are selected.  

With respect to those tires, the tire stiffness and width are 
shown in Fig. 8. In Fig. 8, it is confirmed that the stiffness has 
nearly linear relationship with the tire width. Consequently, 
using linear interpolation of data of motorcycle tires, we obtain 

2050 87000k W  . 

The tire width can be determined from the desired tire 
stiffness. If the tire stiffness is more than 2.0×10

5
 N/m, the tire 

width needs to be more than 140 mm. In the same way, if the 
tire stiffness is less than 2.5×10

4
 N/m, the tire width needs to be 

less than 55 mm. When tire stiffness is 2.5×10
4
 N/m, the RMS 

value is smaller than that when 200000 N/m. Therefore, we 
propose a tire whose width is 55 mm. When the tire is used, the 
natural frequency becomes 3.4 Hz. 

B. Simulation Results and Discussion 

We proposed improvement methods for each direction: 
horizontal and vertical. In our proposed method, the two 
methods are used simultaneously. 
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(A) Horizontal direction 

 

(B) Vertical direction 

Fig. 3. A rider’s head acceleration (Sinusoidal road，f =1.0 Hz) 

 

(A) Horizontal direction 

 

(B) Vertical direction 

Fig. 4. PSD of a rider’s head acceleration (Sinusoidal road, f =1.0 Hz ) 

 

 

(A) Horizontal direction 

 
(B) Vertical direction 

Fig. 5. RMS value of a rider’s head acceleration (Sinusoidal road, f 

=1.0 Hz ) 

 
Fig. 6. Weighting functions for frequency shaped LQG 

 

Fig. 7. Natural Frequency of the personal mobility 
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Fig. 8. Relations between the tire width and the stiffness 

 

(A) Horizontal direction 

 
(B) Vertical direction 

Fig. 9. A rider’s head acceleration (Sinusoidal road，f =1.0 Hz) 

Fig. 9 compares rider’s head acceleration of Controller 1, 
Controller 2, and the proposed method. The road disturbance is 
sinusoidal (f = 1.0 Hz). Fig. 10 and 11 show the results when 
the road disturbance is random (Level C) which simulate the 
actual road. Fig. 10 shows PSD of the head acceleration and 
Fig. 11 shows RMS of it. Based on the results in Chapter V, 
only Controller 1 and 2 are used in simulation for verification. 

In Fig. 9(A), the proposed method does not modify the 
maximum value of the horizontal head acceleration. In Fig. 
10(A), where the road disturbance is random, the vibration in 
the uncomfortable frequency range (0.8 - 1.6 Hz) is suppressed 
by the proposed method.  

 

(A) Horizontal direction 

 

(B) Vertical direction 

Fig. 10. PSD of a rider’s head acceleration (Random road, Level C) 

Fig. 11(A) shows that the RMS value of Controller IV is 
13% smaller than that of Controller 2 which has the same 
settling time as Controller 4. 

In Fig. 9(B), the proposed method suppresses the vertical 
head acceleration and makes the frequency of vibration lower. 
In Fig, 10(B), the peak of PSD moved from 6.7 Hz to 3.4 Hz, 
the natural frequency after tire changing. In Fig. 11(B), 
Controller 4 cannot suppress the RMS value. However, if the 
tire with the desired stiffness is combined with Controller 4, the 
RMS value is about 79% smaller than the value of others. 

From these results, in both directions, the effectiveness of 
the proposed method was confirmed. 

VII. CONCLUSION 

In this paper, we evaluated ride comfort of an inverted 
pendulum personal mobility (PM) and proposed a method to 
improve it. First, we suggested a model limited to two 
dimensions, horizontal and vertical, considering the tire 
stiffness. We assumed that the PM runs on a sinusoidal or 
random road and evaluated the horizontal and vertical vibration 
of the head of the occupant in numerical simulations. The 
evaluation methods are frequency analysis using PSD and 
RMS. We set the evaluation standard in accordance with ISO 
2631-1. We proposed improvement methods for each direction. 
In the horizontal direction, we proposed frequency shaped 
LQG control. In the vertical direction, analysis showed that it is 
difficult to improve on the control system design approach. 
Therefore we proposed a change the tire as a hardware 
approach. Using both methods simultaneously, in the 
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Horizontal direction, we reduced the vibration of the frequency 
range (0.8 - 1.6 Hz) in which human feels uncomfortable. At 
one time, in the vertical direction, the peak of PSD moved from 
6.7 Hz, including within the uncomfortable frequency range 
(4.0 - 8.0 Hz), to 3.4 Hz, the natural frequency after tire 
changing. The results show that the proposed method was 
effective. 

 

(A) Horizontal direction 

 
(B) Vertical direction 

Fig. 11. RMS value of a rider’s head acceleration (Random road, Level C) 

As future works, we try to verify the validity of our 
proposed method through the simulations using the detailed 
model of occupant and the experiments using our developed 
inverted pendulum-type personal mobility.  
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